DEFINING A MEASURE OF DISCONTINUITY (V3)

BHARATH KRISHNAN

ABSTRACT. Let X C R and Y C R, where f : X — Y is a function. We want to find a measure of
discontinuity of f between zero and positive infinity, where the more “disconnected” the graph of f, the
larger the measure. Note, the measure continuity is slightly different, where other properties such as the
derivative and integral must exist. The measure of the discontinuity of f is defined w.r.t. an arbitrary
set X1 C R. For example, when f is continuous, its restriction on X1 is continuous (i.e., X1 is dense in
X) and the restriction should have zero measure of discontinuity. In addition, when the extension of f
is defined on X7, and the Hausdorff dimension of X; is greater than the dimension of X, the measure of
discontinuity should be positive infinity. We define the measure by “averaging” the number of times, minus
one, an arbitrary vertical line intersects the topological closure of the graph f on X N X; with respect to
the measure of continuity of f on X N Xj.

1. MOTIVATION

Let X C Rand Y C R be arbitrary sets, where f : X — Y is a function. We want a measure of discontinuity
of f w.r.t. an arbitrary set X; C R, where the more “disconnected” the graph of f on (XN X;) xY, the larger
the measure. Specifically, the measure should rangeﬂ from zero to positive infinity. In particular, the measure
should be zero when f is continuous on X N X; and positive infinity when the graph of f is “completely
disconnected” on (X N X;) x YE| Notice, this is measured with the d-dimensional Hausdorff measure on the
Borel o-algebra, which we denote H(-) such that d € [0,1] and dimy(-) is the Hausdorff dimension.

To understand discontinuity, we need to understand continuity. Informally, f is continuous, when all
points in the subset of the graph of f—which cannot be approximated “infinitely close” using points on a
positive measure subset of the graph—have zero measure. This means a discrete function, with a non-empty
domain, is non-continuous. However, a function whose graph has a closureEL which is a function defined on
the smallest interval containing the original domain, is continuous. (Note, in Section we define a rigorous
definition of continuity.)

In topology, when the function f is continuous, its restriction to a set dense in X is continuous and has
to have zero measure of discontinuity: the domain X’ = X N X of the restriction f|x/ has a Hausdorff
dimension less than or equal to the dimension of X. Thus, when dimyg(X; N X) < dimyg (X)), the measure
of discontinuity should be zero. In contrast, when dimy(X;) > dimg(X), the measure should be positive
infinity: e.g., the function f is not continuous on the domain of its extension F': X1 D X — Y, since X7 \ X
has a positive Hausdorff measure in the dimension of X;. Thus, we are left with dimg(X N X;) = dimg(X),
where the measure can be any number in [0, +00] based on intuitive reasoning. (In Section we explain
this paragraph in more detail.)

In Section [3| we attempt to define a measure which satisfies the previous paragraph and the criteria in
Section The measure is quite long and might not be useful for “simple” functions; however, it might
have use for indirect and sophisticated functions. Consider, for example:

Let f:R—Randq:{0,1,2,3} — {0,1,2,3}, where ¢ = {(0,1),(1, 3),(2,0),(3,2)}.
Suppose = € R, where the base 4 expansion of x = aqas ... 0n .Am4+1Gm+2 - .. such that ag
is the left most non-zero digit and an,+;, for some j € NU {+oo}, is the last non-zero digit
before a trail of zeros or else j = +oc.

Hence, for all i € N, ¢; = mod(}_, _, mod(p-¢”(a;),4),4) and f(x) = c1¢2 ... Cm-Cmt1Cmy2 - - - -

Date: August 1, 2025.

I The measure in Section , page {4 is rational when X N X is bounded and real when X N X; is unbounded
28ee Section , page , where (XNX1) XY =RxR
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A simpler sophisticated example is the following:
Suppose f : Q — R. When z = p/q for all coprime integers p, q € Z, then f(p/q) = (p+q)/(pq)

However, direct and applicable versions can be found in Section and Section (p. .

In Section we provide explicit examples which hint that we have some idea behind the construction of
our measure in Section [3.1} This does not fully prove that we found a measure which satisfies all the criteria,
but the measure in Section can be used to find a simpler version.

2. PRELIMINARIES

Note, the definition of continuity is:

2.1. Definition of Continuity. Suppose X C R and Y C R are arbitrary sets. The continuity of f: X — Y
at o € X means that for every € > 0, there exists a 6 > 0 such that for all z € X \ {x¢}

|x —zo| <0 implies |f(z)— f(zo)] <€

Hence, f is continuous in arbitrary set X; C R, where:

(1) dimg(+) is the Hausdorff dimension
(2) HYmu()(.) is the Hausdorff measure in its dimensions on the Borel o-algebra

whenever:

Co(f, X1) = HImnXD (X \ X) =0

2.1.1. Ezample 1 of Definition. When X = Q,Y =R and f(z) = z for all z € Q, f is continuous on X; = Q
but discontinuous on X; = R.

2.1.2. Ezample 2 of Definition. When X =N, Y =R and f(z) = z for all z € N, f is not continuous on
X1 :N, X1 :Q, and X] =R.

2.1.3. Ezample 3 of Definition. When X =R, Y = R and f(x) = z for all x € R, f is continuous on any
dense subset X; of R

2.2. Criteria For Measure.

2.2.1. Ezplanation. Suppose U C X is an arbitrary set, and f|y is a restriction of the function f: X — Y.
Let F': V — Y is an extension of the function f, where X C V is an arbitrary set and F|x = f

In topology, when the function f : X — Y is continuous, its restriction is continuous and should have
zero measure of discontinuity. (This could be proven with Section where Cy(f,U) = 0.) Hence, since
the domain U of the restriction f|y has a dimg(U) less than or equal to dimy(X), the measure of the
discontinuity of f|y should be zero. In contrast, when V' 2 X is an arbitrary set and dimg (V) > dimg(X),
the measure should be positive infinity: e.g., the function f is not continuous in its extension F': V — Y
since Cpaq(f, V) > 0. Thus, we are left with either dimy(U) = dimyg(X) or dimy(X) = dimy(V'), where the
measure can be any number in [0, +00].

Note, when dimy(U) = dimg(X) or dimy(X) = dimy(V'), we use intuition to justify how a measure of
discontinuity should be defined. (Intuition is frowned upon; however, some intuition has to be used.) In the
case of this paper, when f is continuous, the closur(ﬂ of the graph of f is one function continuous on RH
Hence, an arbitrary vertical line intersects with the closure once and the measure of discontinuity should be
zero. Similarly, the closure of the graph of the Dirichlet function is two functions continuous on RE where an
arbitrary vertical line intersects the closure twice. (In Sections and on page we show that not all
vertical lines intersecting the domain of f have to intersect the closure the same number of times.) Hence, we
“average” the amount of times minus one that the vertical lines intersect the closure of the graph, w.r.t. the
measure of continuity in Section (The intuition is further explained below.)

4 topological closure
58ee Section , page where X1 = R



MEASURE OF DISCONTINUITY 3

2.2.2. Criteria. Suppose X C R and Y C R are arbitrary sets, where f : X — Y is a function. Note, dimg(+)
is the Hausdorff dimension, X; C R is an arbitrary set, and X' = X N X;.
The measure of discontinuity of f on X; should range from zero to positive infinity, where:

(1) The more “disconnected” the graph of f on X’ x Y, the higher the measure of discontinuity.
(2) When X N X, is empty, the measure is zero, regardless of dimy(X;) and dimy (X N X7)
(3) When the closure of the graph of f|x- is empty but X N X; is non-empty, the measure is +o00 regardless
of dimp(X;) and dimy (X N X5)
When the function is continuous on X 1E| the measure is zero.
When f|y, is “hyper-discontinuous” (Section page , the measure is positive infinity.
When the closure of the graph of f can be split into a minimum of n functions continuous on a positive
measure subset X C X, (Section page such that every vertical line, where their z-intercept is an
element of X N X7, intersects the closure m to n times (m < n):
(a) If dimg(X1 N X) < dimy(X), the measure is a number between m — 1 and n — 1, and corresponds
to the weighted average D(f) (Equation [1)) where:
e the variable ¢ is the number of the times the vertical line intersects the closure with respect to
its x-intercept
e limsup;_, . X/ = liminf; ,,, X’ = X’ (i.e., the set theoretic limi such that 0 < HdimH(X,)(Xg)
< 4oo forall j e N
o the arbitrary set X, € X N X; has the largest Hausdorff measure in the Hausdorff dimension
of X N X1, such that the vertical line for all 2 € X, intersects the closure ¢ times (m < ¢ < n)

A~~~
S O
NSNS AN

i (c—1) .’,‘LtdirnH(X/)(X;_ N X N(a,b))

D(f) = li lim inf =7 1

D)= ) Pooey | TR HImE (X 1 X) A1 X1) N (a,b)) ®
,Z (c—1) .’HdimH(X/)(X;, NX. N (a,b))

lim lim sup =2 (2)

T (ab)(m00.00) | meo  HImEED (X NX] N X1) N (a,b))

(b) If dimp (X7 N X) = dimp (X)), the measure is a number between m — 1 and n — 1, and corresponds
to the weighted average D(f).

(¢) If dimp(X1) > dimg(X), the measure is positive infinity

(7) When the graph of f is dense in the closure of X x Y, where we remove the subset of the graph of f
with zero Hausdorff measure in its dimension and are left with the minimum of n function continuous
on Xlﬂ
(a) If dimg(X; N X) < dimyg(X), the measure is less than or equal to n — 1
(b) If dimp(X; N X) = dimp(X), the measure is n — 1
(c) If dimpy(X1) > dimg(X), the measure is positive infinity

(8) When f is everywhere surjective (Section page , where its graph has zero Hausdorff measure in
its dimension, the measure is +oc.

2.2.3. Question. Is there a measure of discontinuity that gives what I want? What applications can this
measure have?

3. PosSSIBLE ANSWER TO SECTION [2.2.2

In Section we define a measure that satisfies the criteria in Section however, we need direct evi-
dence. We begin by explaining our motivations for the components z(e, X’(a,b)), r(e, X'(a,b)), h(e, X'(a,b)),
and Co(dy, ¢, X'(a,b)) defined within the measure of discontinuity (eq. . In Section we use examples
to explain why we chose the measure. The evidence is presented in Section [3.3

6See Section , page , where X is an arbitrary set
7See Section , page
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3.1. Measure. Suppose,

X CR, X; CR, and Y C R are arbitrary sets
f: X =Y is a function
de0,1]
H4(-) is the d-dimensional Hausdorff measure on the Borel o-algebra
dimy(+) or d'(+) is the Hausdorff dimension
d1 = dlmH (Xl)
X' =XnX,
X'Nn(a,b) = X'(a,b)
€ H4 (X' (a,b)) =0,
/e 0<H®(X'(a,b))
Motivation of z(e, X'(a,b)).
The motive behind z(e, X'(a,b)) is to equal €, when either X'(a,b) is the empty set or
dimpy (X7) > dimg(X). In addition, z(e, X'(a,b)) is equivalent to 1/, when X'(a,b) is
non-empty and dimg(X N X;) < dimg(X). Note, lim,,0e = 0 and lim._,o1/c = +oo.
(We do not compute either limits until Equation (3| page .
limsup;_, ., Xj(a,b) = liminf; , X;(a,b) = X'(a,b) (i.e., the set-theoretic limitﬁ) such that 0 <
H(X;(a,b)) < +oo for all j € N
R(X;(a,b)) = inf{HdimuRange(F)(R) . R C Y, HN (f~R] N X;(a,b)) = H" (X,(a,b))}
Motivation of R(Xj(a,b)).
The motive behind R(X(a, b)) is to equal a finite number, when dimy (X NX7) < dimy(X),
such that the closure of the graph of f can be split into ¢ functions continuous on a positive
measure subset X C Xlﬂ Otherwise, we want R(X(a,b)) = inf(f)) = +oo is necessary for
| - | is the absolute value function
e 0<limsup |R(X;(a,b)) — H" (X;(a,b))| < +o0,e>0
/ _ J—00
rEX@O) =N s IR(X;(a,b)) — H% (X;(a,b))| = +00, & > 0
J]—00
Motivation of r(g, X'(a,b)).
The motive behind (e, X’(a, b)) is to equal 1/, when either R(Xj(a, b)) = 400, the function
f:0Qn[0,1] = Ris hyper-discontinuouﬂ or the map f : X' — Y is everywhere :surjectiveizl7
where its graph has zero Hausdorff measure in its dimension. (Note, lim._,o1/c = o0,
which we do not compute until Equation |3 page ) For instance, consider Section m
and Section on page [33]
G(X'(a,b)) is the graph of f|x/(, )
limsup;_, o, G;(X’(a,b)) = liminf; o G;(X'(a,b)) = G(X'(a,b)) (i.e., the set theoretic limiff) such
that 0 < H%(G;(X'(a,b))) < +oo for all j € N
/e HYEX@NG(X ! (a,b)) =0, e >0
L (V) (H™(G5(X(a,b))) € (0,+00)), H (X @t(G(X'(a,b))) # 0
Motivation of h(e, X'(a,b)).
The motive behind h(e, X'(a, b)) is to equal 1/e, when X is empty or the function f : X’ — Y
is everywhere surjectivelﬂ7 such that its graph has zero Hausdorff measure in its dimension.
Note, lim._,o 1/ = 400, which we do not compute until Equation |3| page

>0

€
z(e, X'(a,b)) = o es0

h(e, X'(a,b)) =

o Pi(di,G(X'(a,b))) = {G C G(X'(a,b)) : H(G) = k}
o Gi(di, X'(a,b)) € Py(di, G(X'(a,0)))

8Gee Section
9See Section
10 8ee Section 4.3]
11 See Section 4.4)
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MEASURE OF DISCONTINUITY 5

o Go(dy,X'(a,b)) is the set of all limit points of G(X'(a,b)) \ Go(d1, X’ (a,b))
e #|-| is the counting measure
1/e  #|X]|=0,e>0
o C(X) =1 #|X| 0<#|X]|<+o00
€ #|X| =400,e>0
Motivation of C(X).
The motive behind C(X) is to equal:
— 1/e, when X is empty
— 1/e, when dimp(X;) > dimg(X)
— A finite value, when dimy(X) = dimp(X N X7), such that the closure of graph(f)
can be split into finitely many functions continuous on a positive measure subset
X C X7
— Positive infinity, when the map f : X’ — Y is everywhere surjective{El7 where its
graph has zero Hausdorfl measure in its dimension.

e {(X'(a,b)) C R? is an arbitrary, vertical line whose z-intercept is an element of X’(a,b)

Co(dy, ?, X'(a,b)) = inf C(Go(dy, X' (a,b)) N (X' (a,b
o Cold LXK @)= b G(Go(d X (0,5) N (X (a.0))

e When defining:
— limsup;_,,, X;(a,b) = liminf; o X;(a,b) = X'(a,b) (i.e., the set theoretic limitﬁ) such that
0 < HIm(X)(X(a,b)) < +oo for all j € N
— M(e,dy, ¢, X' (a,b)) = z(e, X'(a,b)) - r(e, X' (a,b)) - Co(dy, ¢, X' (a,b)) - h(e, X'(a,b))
Motivation of M(e,d, £, X'(a,b)).
See Section [3.2] and Section for examples and explanations. Note, lim._,q
M(e, di, ¢, X'(a,b)) is the same as the column lim._,o(z - 7 - h - Co) in Table[l]
M(a,b,d1,t) = (3)

max{0, min{c — 1,¢}} - sup(HdimH(X,) ({B NX,(a,b): BC X'(a,b), lim M(e,d1, 4, B) = c) }))
ceNU{0}U{+o0} e—0

max{1/t, Hdimu(X)(X;(a,b))}

Dy, is the di-dimensional measure of discontinuity (when the limit exists)

Da(f)=  lim (Hm (liminf/\/lj(a,b,dl,t))> (4)

- (a,b)—(—o00,00)

t—o0 Jj—ro0
- li (1' : ,b,d,t) 5
oy (tg& lffjijj(a 1, t) > (5)

3.1.1. Note. (If there exists j € N, where ’HdimH(X,)(X]- (a,b)) = +00, replace HI™1(X") with the generalized
Hausdorff measure 7 %m.s(*% [1], p.26-33].)

3.2. Explanation of Measure. In Section we give examples of f that satisfy the criteria in Section
applying the measure of discontinuity to all examples in Section [3.3

3.2.1. Summary of Cases. In Table|l} we visualize the computation of the measure of discontinuity Dy, (f) for
all the cases of f in Section The table contains the output of each component of M (a,b, d1,t) (Equation
pg. [5) which is used to compute Dy, (f) in the last column.

Table 1: Visualization for Computing The Measure of Discontinuity. See
Section [3.1] Note, X’ = X N X1 and X'(a,b) = (X N X1) N (a,b)

12 5ee Section , page
13 See Section , page
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f: XY dq | dimy(X) | z(e, X'(a,b)) | r(e, X'(a,b)) | h(s,X’(a,b))| Co(d1, ¥, X'(a,b)) Elijrb(z-r-h-co) Dy, (f)

Case [1f (p. |6 010 € € 1/e 1/e 1 0

Case |2[ (p. |8 110 € € 1/e 1/e 1 0

Case 13| (p. |8 010 1/e € 1 1/e +o0 400

Case (| (p. |11 0|1 1/e € 1 0<Ch<cy Co 0<Dg <ci1-—1
Case 5[ (p-[15) | 1 | O € 1/e 1 1/e “+o0 ~+o00

Casel6[ (p-[18) | 1 | 1 1/e € 1 0<Ch<c Co 0< Dy, <c1—-1
Case 7| (p. |21 01]0 1/e € 1 0<Ch<cy Co 0<Dyg, <ci1-1
Case|8[(p-[22) | 0 | O 1/e 1/e 1 1 “+o0 400

Case |9 (p-[25) | 0 | O 1/e 1/e 1 € “+o0 400
Casell0[(p.27) | 1 | 1 1/e € 1 1 1 0

Casel|11|(p.|30) | 1 | 1 1/e 1/e 1/e € +00 400

If any calculations in the table are wrong, the measure is insufficient. Thus, we need to explain our
reasoning in Section [3.3]

3.3. Computing Dy, (f) for each Case in Table We need to make sure the measure is correct, which
is done by checking for inaccuracies in Table [I} Otherwise, the measure of discontinuity is not well defined.

3.3.1. Case 1. Suppose f: X — Y is a function, where X =0, Y =R, X; =Q, d; = dimy(X;) = 0 and
dimg(X) = 0. Hence, X' = X N X; = 0.
Since Cas is an example of Section criteria |2 the measure of discontinuity Dy, (f)
(Equation [4] page [5)) should be zero.
For parts we compute the components z(e, X'(a,b)), r(e, X'(a,b)), h(e, X'(a,b)), Co(d1, ¢, X' (a,b))
and lim._,o M(e,dy, ¢, X'(a,b)) (i.e., their motivation is in Section page , then use these components to
compute the measure of discontinuity Dy, (f) (part [6]).

Part 1. z(e, X'(a,b))

Suppose:
>0

€ HM (X' (a,b)) =0, ¢
) < 400,e>0

2(e, X'(a, b)) = { /e 0<HM(X'(a,b)
since H(X'(a,b)) = H°(0) = 0, therefore z(c, X'(a,b)) =&.

Part 2. r(e, X'(a,b))
Suppose:
R(X;(a,b)) = inf (e (R) - R C Y, H (7RI N X (b)) = H" (X;(a. b))}

Note, X;(a,b) = {j,j+1}, since liminf; o X;(a,b) = limsup,_, ., X;(a,b) = 0 (i.e., the set-theoretic limiﬂ
and for all j € N, H(X;(a,b)) = 2.

R(X;(a,b)) = inf{HuReneeUD(R) : R C Y, H® (fTHRIN {),j +1}) = 2}

Hence, dimy(Range(f)) = 0, since the range of a function defined on the empty set is the empty set and
the Hausdorff dimension of the empty set is zero (i.e., the Hausdorff dimension is non-negative). Thereby,
R can be any set, where the counting measure #|R| > 2 and Hdmu(Ranee(£)(R) > 2. Thus, the smallest
Hdimu(Range(f)(R) can be is two, which means that R(X;(a,b)) = 2.

Therefore, |R(X;(a,b)) — H"(X;(a,b))| =12 —2| =0, for all j € N and 0 < lim;_, [R(X;(a,b)) —
H4(X;(a,b))] =0 < +oo. Thus, using:

e 0<limsup |R(X;(a,b)) — H"(X;(a,b))| < +o0, >0

rEXI =N e msup [ROX (0,) M (X (0,8)] = o0, & >0

Jj—o0

14 gee Section , page
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we have r(e, X'(a,b)) =

Part 3. h(e, X'(a,b))
If G(X'(a,b)) is the graph of f|y,(, ), G(X'(a,b)) is empty, since X'(a,b) is empty.
In addition, dimg(G(X'(a,b))) = d'(G(X'(a,b))) = 0 and H* (GX ' @D)(G(X'(a,b))) = 0. Hence, using:

1/e HYCEX@ON(G(X'(a,0) =0, &> 0

h(e, X' (a,b)) = { L (Y)(HM(G(X(a,1))) € (0, 400)), HY (CX@(G(X(a,0))) £ 0

we have h(e, X'(a,b)) =1/e

Part 4. Co(dl,f7 X’(a,b))

Suppose, d; = 0 and #| - | is the counting measure.

Notice that G(X'(a, b)) is the graph of f[y,(, ;) and G(X'(a,b)) is empty since X'(a,b) is empty.
Also, note that:

Pr(di,G(X'(a,b))) = {G C G(X'(a,b)) : H"(G) = k}

Gi(d1, X'(a,b)) € Py(di, G(X'(a,b)))

Hence, since Go(dy, X'(a,b)) is the set of all limit points of G(X'(a,b)) \ Go(d1, X' (a,b)) where G(X'(a,b))
is empty, G is empty, and Go(d1, X'(a,b)) is empty. Therefore, Go(dy, X'(a, b)) is empty.

Moreover, ¢(X'(a,b)) C R? is an arbitrary, vertical line whose z-intercept is an element of X’(a,b) and
since X'(a,b) is empty, £(X'(a,b)) is empty.
Hence, whenever:

1/e  #]|X|=0,e>0

C(X) = { #IX| 0<#X]| < +oo (6)
€ #|X| =400,e>0
since
Co(dy,l, X' (a,b)) = inf C(Go(dy, X'(a,b)) N (X' (a,b)))

Go(d1,X"(a,b))€Po(d1,X’(ab))

C(ON0)=C()

in
Go(d1,X’(a,b))EPo(d1,X’(a,b))

w.r.t. the counting measure #| - | and Equation [6] #[0| = 0 and C(#) = 0. Thus, Co(d1, ¢, X'(a,b)) = 1/e.

Part 5. lim._,o(z-7-h-Cp)

In Case [T]in Section [3.3.1] - Part 1 2} B} and [ where:
z(g,X'(a,b)) =
r(e, X'(Chb))

h(e, X'(a,b)) = 1/5
Co(d1, €, X'(a,b)) = 1/¢

lim M(e,di, ¢, X'(a,b)) = (7)
lim (2(¢, X'(a,0)) - 7(e, X'(a, b)) - h(e, X'(a,0)) - Co(dn, £, X' (a, b)) = lim (¢ -&- 1/ 1/e) =1
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Part 6. Applying The Measure of Discontinuity to f

For every B C X'(a,b), ¢ =1 (see Equation [7)):
lim M(e,dy,¢,B) =lim (e-e-1/e-1/e) =1=¢ (8)
e—0 e—0

Thus, when ¢ = 0 and ¢ > 1, B is the empty set. Hence, B is always the empty set, since X’(a,b) is the
empty set.
Therefore:

M;(a,b,dr,t) = 9)

max{0, min{c — 1,¢}} - sup(?—[dimH(X() <{B NX,;(a,b): BC X’'(a,b), lim M(e,d1,4, B) = c}))
ceNU{0}U{+o0} e—0

min{1/¢, Hdimp (X7) (X;(a,b))}

max{0, min{0 — 1,¢}} - sup(HO ({B NX,(a,b): BCH, lim M(e,d1,¢,B) = 0}))
min{1/t, HO(X'(a, b))}

max{0, min{1 — 1,¢}} - sup(HO({B NX,(a,b): BCO, lim M(e,d1,¢,B) = 1}))
min{1/t, HO(X"(a,b))}

max{0, min{c — 1,¢}} - sup(’]-[o ({B NX;(a,b): BCO, lim M(e,d1,{, B) = c}))

min{1/t, HO(X’(a,b))} -

+

+

ce{2,3,--- }U{+o0}

Once more, since B is always the empty set, the Hausdorff measure of B in its dimension is zero. Hence,
Equation [J] is the same as:

max{0, min{—1,¢}} - H° (0)  max{0, min{0,¢}} - H® (D) = Dccio3, jueo} Max{0, min{c —1,¢}}- H(0)

+ )35 _

max{1/t,H°(0)} max{1/t,H°(0)} max{1/t,H°(0)}
max{0,—1}-0 = max{0,0}-0 266{2,3,.4. JU{oo} max{0,¢—1}-0 B
max{1/¢,0} max{1/t,0} max{1/¢,0}
max{0,—1}-0 max{0,0}-0 Dcef23, jufooy Max{0,c —1}-0 - _
i + i + 1t =0 (t— +o0,s0t>0and max{1/t,0} =1/t)

Thus, the measure of discontinuity Dy, is:

(a,b)—o0 \t—0o0 j—o0 (a,b)—o0 \t—o0 j—ro0

Do= lim (hm (limsup/\/lj(a,b, dl,t))) = lim <lim (li_minf./\/lj(a,b, dl,t))> = lim (0)=0
This verifies the blockquote in Case [1} which demands D4, =0

3.3.2. Case 2. Suppose f : X — Y is a function, where X =0, Y =R, X; = R, d; = dimg(X;) =1 and
dimg (X) = 0. Hence, X' = XN X; = 0.

Since Case [2|is an example of Section criteria |2 the measure of discontinuity Dy, (f)
should be zero.

Similar to Case[l} since H% (0) = H(0) = 0, hence Dy, = D1 =0
This verifies the blockquote in Case which demands Dy, =0

3.3.3. Case 3. Suppose f : X — Y is a function, where X is non-empty and finite, ¥ = R, X = X3,
dy = dimg(X;) and dimg(X) =0. Hence, X' =X NX; =X

Since Case [3|is an example of Section [2.2.2] criteria (3] the measure of discontinuity Dg, (f)
should be positive infinity.

For parts we compute the components z(e, X'(a,b)), r(e, X'(a,b)), h(e, X'(a,b)), Co(d1, £, X'(a,b))

and limg_,o M(e, dy, £, X'(a, b)) (i.e., their motivation is in Section page , then use these components to
compute the measure of discontinuity Dy, (f) (part [6)).
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Part 1. z(e, X'(a,b))
Suppose:
(X (a.b)) —
Z(E,X’(a,b)): < H ( d(a’ /)) 0,e>0
1/5 0<H1(X(a, ))§+OO,€>O
since 0 < H%(X"(a,b)) < +oo (i.e., the counting measure is #] - | and #|X"(a,b)| > 0), hence z(e, X'(a,b)) =
1/e.

Part 2. r(e, X'(a,b))
Suppose:
R(X;(a,b)) = inf{HmuEeneeD)(R) : R C Y, 1" (f 7 [R] N X;(a,b)) = H™ (X;(a,b))}

Note, X,(a,b) = X'(a,b) (when X'(a,b) is finite) or a sequence discrete finite sets (i.e., {X,(a,b)};en),
where liminf; . X;(a,b) = limsup,_, ., X;(a,b) = X'(a,b) (i.e., the set-theoretic limi@ and for all j € N,
0 < H°(X,(a,b)) < 400

R(X;(a,b)) = inf{HmuReneeDN(R) - R C Y, H (f7HR] N X;(a,b) = #[X (a,b)[}

Hence, dimy(Range(f)) = 0, since X is discrete and the range of f is discrete. In addition, R can be
any set, where the counting measure #|R| > #|X;(a,b)| so #|X,(a,b)| < HImuRange(N)(R) < fo0.
Thus, the smallest Hdmu(Range(£)(R) can be is #|X;(a,b)|. This means R(X;(a,b)) = #|X;(a,b)|, where
0 < #|X;(a,b)| < +o0.

Therefore, |R(X;(a,b)) — H"(X;(a,b))| = |#[X;(a,b)| — #|X;(a,b)|]| = 0, for all j € N and 0 <
lim; o0 |R(X;(a,b)) — H" (X;(a,b))| = 0 < +oc. Thus, using:

€ 0 < limsup |R(Xj(a,b)) — H4(X(a, b))‘ < 400,e>0
r(e, X'(a,b)) = I
1/e limsup }R(Xj(a,b)) — HY(X,(a,b)| =400, e >0

j—o0

we have r(e, X'(a,b)) = ¢.

Part 3. h(e, X'(a,b))

Suppose G(X'(a,b)) is the graph of f|y,(, -

Notice that G(X'(a,b)) is discrete, since X’(a,b) is discrete, so dimyg(G(X'(a,b))) = d'(G(X'(a,bd))) = 0.
Thus, when #| - | is the counting measure:

Hd'(G(X’(a,b)))(G(X’(a, b)) = H(G(X'(a,b)))

#1X"(a,5) 0 < #/X(a,b)] < +o
oo 41X (a,b)] = +oc

since f|y(, ) is discrete, its graph is discrete. Hence, there exists a sequence of finite sets {G;(X'(a, b))} jen,
where inf;_,o G;(X'(a,b)) = infj_,o Gj(X'(a,b)) = G(X'(a,b)) and 0 < H°(G;(X'(a,b))) < 4oo for all
j € N. Thus, since (¥5)(H" (G;(X'(a,b))) € (0,+00)) and H (EX (@)(G(X'(a,b))) # 0, then using:

1/e HYCEX@N(G(X'(a,b) =0, &> 0

hle, X'(a8) = { 1 (V) (G (X (@, ) € (0, +00)), HY CX @) (G(X (a,)) # 0

we have h(e, X'(a,b)) =1

15Gee Section page
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Part 4. Co(d1, ¥, X'(a,b))

Suppose, d; = 0 and #| - | is the counting measure.

Again, note that G(X'(a, b)) is the graph of f|x/(, -
In addition, when defining:

Pr(di, G(X'(a,b))) = {G C G(X'(a,b)) : H"(G) = k}

Gi(d1, X'(a,b)) € P(d1,G(X'(a,b)))
since Go(dy, X' (a, b)) is the set of all limit points of G(X'(a, b))\ Go(d1, X' (a,b)) where G(X'(a,b)) is discrete,
G is discrete, and Go(dy, X' (a,b)) is discrete, hence Go(dy, X'(a,b)) is empty.
Moreover, ¢(X'(a,b)) C R? is an arbitrary, vertical line whose z-intercept is an element of X’(a,b) and
since X'(a,b) is non empty, then £(X'(a,b)) can exist.
Hence, whenever:
/e  #|X]=0,e>0
C(X) = { #IX| 0< #IX]| < +oc (10)
€ #|X| = +00,e>0
since

Co(d1, ¢, X'(a,b)) = C(Go(d1, X' (a,b)) N £(X"(a,D))

inf
Go(d1,X’(a,b))€Po(d1,X'(a,b))

inf CN (X (a,b))) =C
Gg(dl,X/(a,b)l)rElPo(d1,X’(a,b)) (@ ( (a ))) ((Z)>

w.r.t. the counting measure #| - | and Equation [I0} #|0| = 0 and C(0) = 0. Thus, Co(d1, ¢, X'(a,b)) = 1/e.

Part 5. lim._,o M = lim._,o(z -7 - h - Cp)

In Case [3]in Section [3.3.3 Part [} 2} [3] and [4] where:
z(e,X'(a,b)) =1/¢

o r(g,X'(a,b)) =¢

o h(g,X'(a,b)) =1

® Co(dy, ¢, X"(a,b)) =1/
;i_r%M(s,dl,&X’(a,b)) = (11)
gig% (2(g,X"(a,b)) - r(e, X" (a,b)) - h(g, X'(a,b)) - Co(d1,¢, X" (a,b))) = 213% (1/e-e-1-1/e) =400 (12)

Part 6. Applying The Measure of Discontinuity to f

Since, for every B C X'(a,b), ¢ = 400 (see Equation :
lim M(e,dy,¢,B) = 400 =¢
e—0

Hence, when ¢ = 400 and B = X(a, b), such that:
lim sup X (a, b) = liminf X;(a,b) = X'(a,b)
j—oo J—©
and:
0 < HIm (XD (X (a, b)) < +oo

we have H4™1(X)(B) = HO(B) = #|X,(a,b)| is the largest possible value. In addition, when 0 < ¢ < 400,
HO(B) = HO(0) = 0. Therefore:

M(a,b,dy,t) = (13)

max{0, min{c — 1,¢}} - sup(HdimH(X,) ({B NX;(a,b): BC X'(a,b), lim M(e,d1,¢,B) = c}))
ceNU{0}U{+00} =0

min{1/¢, Hdimp (X7) (X;(a,b))}
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>~ max{c,min{c — 1,¢}} - sup(’HO ({B NX;(a,b): BC X'(a,b), 1inb M(e,d1,¢,B) = c}))
¢=0 e—

min{1/t, H%(X;(a, b))} '

max{0, min{oo — 1,t}} - sup (HO ({B NX,(a,b): BC X'(a,b) : Elgr}) M(e,d1,¢,B) = +oo})

min{1/¢, H(X;(a, b))}
>-2°, max{0, min{c — 1,¢}} - HO (D) n max{0, min{+oo, t}} - #|X;(a,b)|
max{1/t,HO(0)} max{1/t, #|X(a,b)|}
>e2ymax{0,c—1} -0 = max{0,t} - #[X;(a,b)| _
max{1/t, #|X;(a,b)|} = max{1/t,#[X;(a,b)l}
0 t- #|X;(a,b)|
#|X;(a,b)]  #|X;(a,b)]

Thus, the measure of discontinuity Dy, is:

(a,b)—o00 \ t—o0 j—ro0 (a,b)—o0 \t—o0 (a,b)—o00 \t—0o0

Do = lim <lim <limsup./\/l(0L7 b, dl,t)>> = lim (lim (li;ginf/\/l(a, b, dl,t)>) = lim (lim t) = 4o00.
Jj—o0

This verifies the blockquote at the top of Case 3] which states the measure of discontinuity Dg(f) should
be positive infinity.

3.3.4. Case 4. Suppose f: X — Y is a function, where X =R, Y =R, X; = Q, d; = dimy(X;) =0, and
dimpg (X) = 1. Hence, X' =X NX; =Q.

We define a family of sets 2" = {X. :r € {1,--- ,c1}} where the sets in the family 2~ are pairwise disjoint,
USL, X, = X and for all 7 € {1,---,m}, H*(X,) = 400 such that the closurﬂ of the graph of f, : X, —» R is
continuous on a positive measure subset X C X,

fl(ZL') T € X1

fay = | P e

fcl' () =z 6 Xeq

Note, this function can exist [6].

In addition, Case[4]is an example of Section [2:2.2] criteria [6a] so the measure of discontinuity
Dy, (f) needs to be D(f) (Equation[l] page[3) where 0 < Dy, (f) < cq — 1.
See Section [£.6] page[33] for an explicit example.
For parts we compute the components z(e, X'(a,b)), r(e, X'(a,b)), h(e, X'(a,b)), Co(d1, £, X'(a,b))
and lim._,o M(e,dy, ¢, X'(a,b)) (i.e., their motivation is in Section page , then use these components to
compute the measure of discontinuity Dy, (f) (part [6]).

Part 1. z(e, X'(a,b))
Suppose:

>0

e HY(X'(a,b) =0, ¢
) < +00,e>0

A& X(a,b) = { 1/e 0<H(X'(a,h)

since 0 < H°(X'(a,b)) < +oo (i.e., H'(QN (a,b)) = +00), hence z(e, X'(a, b)) = 1/¢.

16t0pologicad closure
17 See Section , pago where HUMH(X1)(X) > 0, X = X,, X1 =X, and f(z) = fr(z)
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Part 2. r(e, X'(a,b))
Suppose:
R(X; (a,b)) = inf{HOmnRansel)(R) ;R C Y, 1 (£ [R] 0 X (a, b)) = H (X (a,5))}
since X'(a,b) is countably infinite, there exists a sequence of discrete finite sets (i.e., {X;(a,b)};jen), where

liminf; o X;(a,b) = limsup;_,. X;(a,b) = X'(a,b) (i.e., the set-theoretic hmltlfl) and for all j € N,
0 < H°(X;(a,b)) < +o0

R(Xj(a,b)) = inf{HmuReneDN(R) - R C Y, HD (f71[R] N Xj(a,b)) = #]X;(a,b)]}

Hence, dimp(Range(f)) = 0, since both Xj(a,b) and the range of f|x, () are discrete. In addition, d; = 0.
Since 0 < #|X;(a,b)| < +oo, thereby #|R| > #|X;(a,b)| and #|X;(a,b)| < HImu(Range(F)(R) < o0,
Thus, the smallest H4imu(Range(f))(R) can be is #|X;(a,b)|. That means R(X;(a,b)) = #|X;(a,b)|, where
0 < #|Xj(a,b)| < +oo

Therefore, |R(X;(a,b)) — ’Hdl( (a,b))| = |#|X;(a,b)| — #[X;(a,b)|]| = 0, for all j € N and 0 <
lim; o0 |R(X;(a, )) Hdl( (a,b)) | = 0 < 4o00. Hence, using:

e 0<limsup|R(X;(a,b)) — H¥(X;(a,b))| < +o0, >0

r(e, X'(a,0)) = 1/e limsujpjﬁ(Xj( b)) — H" (X;(a,b))| = 400, £ > 0

Jj—o0

we have r(e, X'(a,b)) =

Part 3. h(e, X'(a,b))
Suppose G(X'(a,b)) is the graph of f|x/(,)-

Notice that G(X'(a, b)) is countably infinite, because X’ (a,b) is countably infinite, so dimg(G(X'(a,bd))) =
d'(G(X'(a,b))) = 0. Thus, when #| - | is the counting measure:
HI OO (G(X (0,1)) = HOG(X(a,0))) = +00

Since f|x/(,p) is countably infinite, there exists a sequence of finite sets {G;(X'(a, b))} en, where
inf; 00 Gj(X'(a,b)) = inf; 00 Gj(X'(a,b)) = G(X'(a,b)) and 0 < H°(G;(X'(a,b))) < +oo for all j € N

Therefore, since (V5)(H%" (G;(X’(a,b))) € (0,400)) and H* (G(X (e, b)))( (X'(a,b))) # 0, using:

d’(G(X'(a,b))) ’ _
he, X (ah)) = 1/e H. ) (?(X (a,b)))—0,5>0d/GX/ . /
1 (V) (H™(G(X(a,b))) € (0,+00)), HT (TN (G(X (a,b))) # 0

we have h(e, X'(a,b)) =

Part 4. Cq(dy, 4, X'(a,b))
Suppose, d; = 0 and #| - | is the counting measure.
Moreover, X'(a,b) = QN (a,b) and G(X'(a,b)) is the graph of f[x/(, -
Then, note:
Pi(d1,G(X'(a,b)) = {G C G(X'(a,b)) : H"(G) = k}

Gi(d1, X'(a,b)) € Pr(d1, G(X'(a,b)))
where Go(dy, X'(a,b)) is the set of all limit points of G(X’(a, b))\ Go(d1, X'(a,b)). Since dimy(G(X'(a,b))) =
0, there is no G such that H°(G) = 0. Therefore, Go(dy, X'(a, b)) is the empty set. Also, since X’ ( ,b) =
Qn(a,b), Go(d1, X'(a,b)) is non-empty and intersects any vertical line with an z-intercept in R.

Moreover, ¢(X'(a,b)) C R? is an arbitrary, vertical line whose z-intercept is an element of X’(a,b) and
since X'(a,b) is non-empty, £(X’(a,b)) can exist.

18 See Section page
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Hence, whenever:
1/e #|X|=0,e>0

C(X) =4 #X] 0<#|X| <40 (14)
€ #|X| = +00,e>0
since
Co(dy,4, X (a,b)) = inf C(Gy(dy, X' (a,b)) N (X (a,b
o(d1 (a,b)) Colds X (e a1 ) (Go(d1, X'(a,b)) N €(X'(a,b))
in C(G(X'(a,b) Nl(X'(a,b
Go(d1,X’(a,b))€Po(d1,X’(a,b)) (G(X'(a,0)) X'(a.0))
w.r.t. the counting measure #| - | and Equation the number of times a vertical line intersects with
the closure of ¢y functions continuous on positive measure subsets of X'(a,b) = (a,b) is ¢ = m (i.e.,

m > 0) and ¢ = n (i.e,, n < ¢1) times. Hence, 0 < m < ¢ = #|G(X'(a,b)) N €(X'(a,b))] < n < ¢y and
m < c=C(G(X'(a,b)) N€(X'(a,b))) <nsom<c<n.

Part 5. lim._,o M = lim. (2 -7 - h - Cp)

In Case [ of Section [3.3:4) Part [T} 2} 3] and [4] where:
z(e, X' (a,b)) =1/¢

r(e,X'(a,b)) =¢

h(e, X'(a,b)) =1

Co(d1,4,X'(a,b)) = ¢, where m <c<n

lim M(e, dy, £, X'(a,b)) = (15)
lim (=(e, X'(a,5)) - r(e, X'(a,0)) - h(z, X'(@,1)) - Coldy, £, X'(@,))) = lim (1/z e 1-c)=¢  (16)

Part 6. Applying The Measure of Discontinuity to f
Since, for every B = B, C X'(a,b), ¢ € {0} UNU {+o00}:
81% M(e,dy,¢, B;) =¢

Thus, when ¢ =c € {m,--- ,n} and B, = BN X, .(a,b), such that:

U Xj.c(a,b) = X;(a,b)

where:
limsup X (a,b) = liminf X,(a,b) = X'(a,b)
j—00 j—oo
and:
0 < HIHX) (X (a,)) < +o0
then

Hdimi(X) (9 (a,b)) = sup (HdimH<X'> ({B NX;(a,b) : B C X'(a,), lim M(e,dy, ¢, B) = c})) (17)

is the largest possible value. In addition, when ¢ < m or ¢ > n, then HImu(X)(B) = H1())) = 0 is the largest
possible value. Hence:

M(a,b,di,t) = (18)

max{0, min{c — 1,¢}} - sup(ydimH<X’> ({B NX,(a,b): BC X'(a,b), lim M(e,d1,¢, B) = c}))
ceNU{0}U{+oc0} e—0

min{1/¢, Hdimu(X") (X ;(a, b))}

g:omax{(),min{c - 1,t}}- sup(HO ({B NX,(a,b): BC X'(a, b),Elig% M(e,ds,4, B) = c}))
N min{L/2, H0(X, (a, b))}

+
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cf;m max{0, min{c — 1,¢}} - sup(’HO ({B NX;(ab) : B C X' (a,b) : lim M(e, 1,6, B) = c}))
- min{1/t, H0(X;(a,0))}

max{0, min{c — 1,¢}} - sup(’HO ({B NX,(a,b): BC X'(a,b) : lim M(e,d1,¢,B) =¢ }))

+

ca€{n,n+1,--- yU{+oo}

min{1/¢, HO(X;(a,b))}
S max{0, minfe — 1, }} - 1O (0) . cg:mmax{[), min{c — 1,¢}} - HO(B, c(a, b))+
max{1/¢, HO(X;(a,b))} max{1/t, H*(X;(a,b))}
Zce{n,n+1,m YU{+o0} max{0, min{c — 1,t}} - H°(0) _
max{1/¢, HO(X;(a,b))} N
>t o max{0, min{c — 1,¢}} -0 n max{0, min{c — 1,¢}} - H°(B; .(a, b)) n 2ceqnintl, - Ju{+oo} max{0,min{c — 1,2}} -0 _
max{1/t, H*(X;(a, b))} max{1/t, H*(X;(a, b))} max{1/t, H*(X;(a, b))}

max{0,c — 1} - HO(B; - (a, b))

It

a

HO(X,(a, b))
(c—1) - #%B;.c(a,b)|
#1X;(a,b)|

Thus, the measure of discontinuity Dy(f) is:

b

a

Do(f) = lim <lim (hmsupM(a,b,dl,t)))

(a,b) =00 \t—=00 N 00

= lim (lim (li_minf/vl(a,b,dl,t)>)

(a,b)—o0 \t—o0 Jj—o0
n n
2 (€= 1) #|Bjc(a,b)| 2 (€= 1) #|Bjc(a,b)|
= lim lim | liminf &2 = lim lim | limsup =2 (19)
(a,b)—oo | t—=oo | j—oo #|Xj(a, b)‘ (a,b)—o0 | t—o0 j—o0 #|Xj(a, b)‘

Also, because B .(a,b) € X;(a,b) and 0 <m < ¢ <n < cq,

) ) . max{0, min{0 — 1,¢}} -#|%j0(a,b)|)>
0= lim lim ( limsu : <D 20
(a,b)—o00 (t—)oo ( j%oop #‘Xj(a, b)| = O(f) ( )
. : . (c1—1) #|Bj. (cub)l))
< lim lim ( limsu o1 =c;—1

since B, 9 = X;j(a,b) and max{0, min{0 — 1,¢}} = 0. In addition, B, ., = X;(a,b) and max{0, min{c, —
1,t}}=c1— 1, whent > ¢y — 1.

Moreover, in Section criteria [6al note that Dy(f) = D(f) (Equation where the definition of D(f)
is defined with this following list:

(1) the variable ¢ is the number of the times the vertical line intersects the closurﬁ with respect to its
z-intercept

(2) limsup, ., X} =liminf; o Xj = X’ (i.e., the set theoretic limif?") such that 0 < Hdms(X)(X)
< +oo for all j € N

(3) the arbitrary set X, C X N X; has the largest Hausdorff measure in its dimension, such that the
vertical line for all z € X, intersects the closure ¢ times (m < ¢ < n)

n

> (e = 1) -HY(X) N XN (a,b))

D(f) = li lim inf <=~ 21
)= apydim o | Bmin HO((X NX, N X1) N (a,b)} (21)

19 topological closure

20 See Section page
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fj (¢ —1) - HOX) N XN (a,b))
(22)

= lim i =m
(a,b)—(—00,0) | j—oo HO(X NX) N X1)N(a,b))

Hence, Dy(f) = D(f), since:

e limsup, . X} N (a,b) = liminf; oo X} N (a,b) = X'(a,b) (ie., the set-theoretic limiff) and
limsup;_, ., X;(a,b) = liminf; , X;(a,b) = X'(a,b)

e limsup; , ., X} N XN (a,b) = liminf; 00 X N X N (a,b) = limsup,_, ., Bjc(a,b) = liminf; Bjc(a,b)
(i.e., see the definition of B .(a,b) on page[13[and the definitions of the sets in the left hand side of
the equality on page criteria

e limsup; , (X N X’ N Xy) N (a,b) = liminf; (X N X) N X1) N (a,b) = limsup,_,,, X;(a,b) =
liminf;_, X;(a,b)

Thus, with the bulleted list, we proved Do(f) = D(f) and verified the blockquote at the top of Case 4,
which states that the measure of discontinuity Dg(f) is between integers 0 and c;.

3.3.5. Case 5. Suppose f : X — Y is a function, where X = Q, Y = R, d; = dimpg(X;) = 1, and
dimyg(X) = 0. Hence, X’ = X N X; = Q. (Notice, d; > dimg(X).)

We define a family of sets 2" = {X, : r € {1, ,c1}} where the sets in the family 2" are pairwise disjoint,
Uit X, = X, and for all r € {1,-- -, ¢1}; H(X,) = +oc such that the closurﬂ of fr : X, = R is continuous
on the positive measure subset X C X 1@

filx) zeXy

2(x) x € Xy
flay = P

fe(@) zeXy

Note, this function can exist: e.g.,

< {s1/ (2(c1—1)t1) :s1,t1 € N} cp=1 (23)
" {50/ (2(¢*=7¢,) 1 5, € 0ddN, t, € oddN}\ {X;} 2<r<cq

where we prove the sets in 2" = {X, : € {1,--- ,c1}} are pairwise disjoint using Mathematical Induction@

In addition, Case 5| is an example of Section [2.2.2] criteria so the measure of discontinuity
Dy, (f) should be positive infinity. (See Section [4.7} page [34] for an explicit example.)
For parts we compute the components z(¢, X'(a,b)), r(e, X'(a,b)), h(e, X'(a,b)), Co(d1, £, X' (a,b))
and lim._,o M(e,dy, ¢, X'(a,b)) (i.e., their motivation is in Section page , then use these components to
compute the measure of discontinuity Dy, (f) (part [6).

Part 1. z(e, X'(a,b))
Suppose:

e HY(X'(a,b))=0,e>0
)

z(aX’(a,b)):{l/e O<er1( '(a,b)) < 400, >0

since HY(X'(a,b)) =0 (i.e., H}(Q N (a,b)) = 0), thus z(¢, X'(a,b)) =

21See Section 4 page 3 | HImE(X1)(X) > 0, X = X,, X1 =X, and f(z) = fr(z)
223ee Section 4 8 pago 34
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Part 2. r(e, X'(a,b))
Suppose:
R(Xj(a,b)) = inf{HmRanecDN(R) - R C Y, HY (f7[R] N X(a,b)) = H (X;(a, b))}
Note, Xj;(a,b) exists (ie., 1 = dy > dimu(X) = 0) so there exists a sequence {Xj(a,b)},; y where both
liminf; o Xj(a,b) = limsup;_, , X;(a,b) = X'(a,b) = QN (a,b) and for all j € N, 0 < 7-[1( j(a,b)) < 400
(e.g., {gj}jen is an enumeration of the rationals, € approaches 0, and X, (a,b) = [¢; — €/27, q; + €/27].)
R(X;(a,b)) = inf{#tmn@Raneelf)(R) . R C Y, H! (f 1 [R] N X (a,b)) = H'(X;(a, b))}

Hence, dlmH(Range( )) = 0, since the graph of f is countably infinite. Note, R is any subset of f[Q],
where Hl(f R ] X;(a,b)) = H'(X;(a,b)); however, since H'(X;(a,b)) > 0 and H'(f~'[R] N X;(a,b)) <
H(fHfIQ] N Xj(a, b)) = 0 # H'(X;(a,b)). Hence, R =0 and in(0) = +oc.

Therefore, |R(X;(a,b))—H (X/(a, b))\ = [(+00)— 'Hdl( j(a,b))| = +oo, forall j € Nand lim;_, |R(X;(a,b))—
HD(X(a,b))| = +oo. Thus, using:

€ 0< hmsup|R (a,b)) — HD(X;(a, b))‘ < 400,e>0

,X/ b)) = j—o00
r(e, X(a,0)) 1/e hmsup}R (a,b)) — HN (X;(a,b)) ‘——&—oo e>0

j—o0

we have r(e, X'(a,b)) = 1/e.

Part 3. h(e, X'(a,b))
Suppose G(X'(a, b)) is the graph of f[x/(, )-
Since X'(a,b) is countably infinite, G(X'(a,b)) is countably infinite. Thus, d'(G(X'(a,b)) = 0 and
HY(EX @) (G(X (a,b))) = +00.
Moreover, {G;(X"(a, b))}, exists: that is, consider the enumeration {gn }nen of G(X'(a,b)), such that

Gj(X/(aa b)) = (gn + 5/2j7gn + <C-‘/Zj)'
Hence, using:

h(e, X'(a,b)) = {

we have h(e, X'(a,b)) =1

1/e HY(CX (@) (G(X(a,b)) =0, >0
L (V) (HM(G(X(a,b))) € (0,400)), HY (CX@)(G(X (a,b))) # 0

Part 4. Co(dy, ¢, X'(a,b))

Suppose, d; = 1 and #| - | is the counting measure.
Again, note that G(X'(a, b)) is the graph of f|y/(, -
In addition, note that:

Pi(d1, G(X'(a,b))) = {G € G(X'(a,b)) : H" (G) = k}

Gk(dlﬁXl(avb)) € Pk(dh (X ( b)))

since Go(dy, X'(a,b)) is the set of all limit points of G(X'(a,bd)) \ Go(dy,X'(a,b)) and d; = 1, hence
for all sets G C G, note that H'(G) = 0. Thus, Go(d1, X'(a,b)) = G(X'(a,b)) and Go(d1, X'(a,b)) =
G(X'(a,b)) \ Go(d1, X'(a,b)) = 0.

Moreover, £(X'(a,b)) C R? is an arbitrary, vertical line whose z-intercept is an element of X’(a,b) and
since X'(a,b) is non empty, £(X’(a,b)) can exist.

Hence, whenever:

1/e  #|X|=0,e>0

C(X)=1q #|X| 0<#|X]| <400 (24)
€ #|X| =400, >0
Co(dl,f, X'(a,b)) = inf C(Go(dl,X/(a,b)) ﬂ((X’(a,b))

Go(d1,X’(a,b))€Po(d1,X(a,b))
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C(0N4(X'(a,b)))
C(®)

= inf
Go(d1 ,X’(a7b))€730(d1 7X/(ll,b))

= inf
Go(d1,X"(a,b))EPo(d1,X"(ab))
w.r.t. counting measure #| - | and Equation [24) #|0] = 0 and C(0) = 1/¢

Part 5. lim.,o M = lim._,o(z -7 - h-Cp)

In Case [f of Section Part and [4] where:

z(e, X' (a,b)) =¢

r(e, X'(a,b)) =1/¢

h(e, X' (a,b)) =1

CO(dhea X/(a’ b)) = 1/6

lim M(e,dy, ¢, X'(a, b)) = (25)
e—0

lim (2(g, X'(a, b)) - r(e, X'(a, b)) - h(e, X'(a, b)) - Co(dr, £, X' (a,b))) = lim (e-1/e-1-1/e) =+00  (26)

Part 6. Applying The Measure of Discontinuity to f

Since, for every B C X'(a,b), ¢ = +00 (see Equation [25):
lim M(e,dq,¢,B) = 400 =¢
e—0

Hence, when ¢ = +00 and B = X'(a,b), such that:
limsup X (a,b) = liminf X,(a,b) = X'(a,b)
j—oo

Jj—oo
and:
0 < HImu(XD) (X (a,b)) < +oo
HImu(X)(B) = HO(X'(a,b)) = HO(Q N (a,b)) so HO(X,(a,b)) = #|X,(a,b)| is the largest possible value.
Also, when 0 < ¢ < +00, then HIm(X)(B) = 31()) = 0 is the largest possible value. Hence:
M(a,b,dy, t) = (27)
max{0, min{c — 1,¢}} - sup (HdimH(X) ({B NX,(a,b): B C X'(a, b),slgn0 M(e,d1,4, B) = c}))

ceNU{0}U{+oc0} _
min{1/t, Hdmu(X) (X ;(a, b))}

S max{0, min{c — 1,¢t}} - sup (HO ({B NX;(a,b): BC X'(a, b),Elig}) M(e,d1,¢, B) = c}))

ce{0}UN i
min{1/t, HO(X(a, b))}

max{0, min{+oo — 1,¢}} - sup(’HO({B NX;(a,b): BC X'(a,b) : EI% M(e,d1,¢,B) = +oo}))
min{1/t, HO(X;(a, b))} N

Y ceqoyun max{0, minfc — 1,¢}} - HO (0)  max{0, min{+oo — 1,£}} - H(X,(a, b)) 3

max{1/t, #|X;(a,b)[} max{1/t, #|X;(a,b)|}
Decqo, iy {080 Peeem1ymax{0c— 110 max{0, t} - #|X;(a,b)| _ (28)
max{1/t, #|X;(a,b)|} max{1/t, #|X;(a,b)|} #1X;(a,b)|
Leeqo 3t 0 Veeqpo ey =10t #X5(a,b)] _ (29)
#1X;(a,b)] #(X;(a,b)| #1X;(a,b)|

Thus, the measure of discontinuity Dy, is:

Do = lim <lim <limsup/\/l(a7 b, dl,t))> = lim (lim (li_minf./\/l(a, b, d1,t)>) = lim (lim t) = +o0o
j—o0

(a,b)—o00 \ t—o0 j—oo (a,b)—oo \t—o0 (a,b)—o00 \t—00

This verifies the blockquote at the top of Case 5] which states the measure of discontinuity Dy, (f) = +oo
should be positive infinity.
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3.3.6. Case 6. Suppose f: X — Y is a function, X =R, Y =R, X; =R, d; = 1, dimg(X) = 1. Hence,
XNnX; =R

We define a family of sets 2" = {X. :r € {1,--- ,c1}} where the sets in the family 2" are pairwise disjoint,
USL, X, = X and for all 7 € {1,---,m}, H*(X,) = 400 such that the closurﬁ of the graph of f, : X, — R is
continuous on a positive measure subset X C X,

filx) xeX;

2(x T € Xo
fay = PO e

fe () x€Xey
Note, this function can exist [6].

In addition, Case [6]is an example of Section [2:2.2] criteria[6a] so the measure of discontinuity
Dy, (f) needs to be D(f) (Equation [1} page[3) where 0 < Dy, (f) < 1 — 1.
See Section page for an explicit example.
For parts we compute the components z(¢, X'(a,b)), r(e, X'(a, b)), h(e, X'(a,b)), Co(d1, ¢, X' (a,b))
and lim._,o M(e,dy, ¢, X'(a,b)) (i.e., their motivation is in Section page , then use these components to
compute the measure of discontinuity Dy, (f) (part [6]).

Part 1. z(e, X'(a,b))

Suppose:
d1 X/ —
2(e, X' (a,b)) = € HA( d(a,b)) 0,e>0
1/e 0 <H®(X'(a,b)) < +o0,2>0
since 0 < H'(X'(a,b)) < +oo (i.e., HY(RN (a,b)) = b — a), hence z(e, X'(a,b)) = 1/¢.

Part 2. r(e, X'(a,b))
Suppose:
R(X;(a,b)) = inf{HuRanseUD (R) - R C Y, 1" (7R N X;(a,b) = H (X(a,b))}
since X'(a,b) = (a,b), there exists a sequence of sets (i.e., {X;(a,b)};en where for all j € N, X,(a,b) =
X'(a,b)), liminf;_, X;(a,b) = limsup;_,, X;(a,b) = X'(a,b) (i.e., the set-theoretic limi@, and for all
jEN, 0 < HY (X;(a,b)) =H (X'(a,b)) =b—a < 4o0.
R(X;(a,b)) = inf{HuRneeDN(R) - R C Y, HY (f 71 [R] N Xj(a, b)) = #]X;(a,b)|}

Thus, 0 < dimy(Range(f)) < 1, since dimy(Range(f)) < dimg(X;(a,b)) = dimyg(X'(a,b)) = dimg((a, b)) =
1. In addition, d; = 1. Slnce 0 < HN(X(a, b)) Hl(X’(a b)) = H'(a,b) = b —a < +oo, hence
MR 0 X, (0,0) = (X0 0 X 0,0) = HU(X(a,) = b—a so0 fIX;(a,b)] < R
and the smallest Hdimu(Range(£))(R) can be is ’Hd‘mH(Rang M) (f(X;(a,b)]). That means R( j(a,b)) =
Hdimu(Range(f)( f[X(a,b)]), where 0 < HImuRange(H))(f[X;(a,b)]) < 400, so there exists a constant C' > 0
such that Hdims Range(f))(f[Xj(a,b)]) C-H¥(X;(a,b))

Therefore, |R(X;(a,b)) — H" (X;(a,b)) ’ = |C ’H Xj(a,b)) — H'(X;(a,b))| = |(C — YH(X;(a,b))| =
(|C = 1)H (X;(a, )) for all j € N and 0 <|(C—1)HY(X;(a,b))| < +o0. Hence, using:

Q><:

e 0<limsup|R(X;(a,b)) — H¥(X;(a,b))| < 400, >0
X/ b — ]—)OO
r(e X'(e,b)) 1/e limsup |R(X;(a,b)) — H"(X;(a,b))| = +o0, e >0
Jj—o0

we have r(e, X'(a,b)) = ¢

23topological closure
24 See Section [4.1} page [33] where HAmEX1)(X) > 0, X = X, X1 =X, and f(z) = fr(z)
25See Section , page
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Part 3. h(e, X'(a,b))

Suppose G(X'(a,b)) is the graph of f|x/, ) = fliap)-
Note that:

"HdimH(G(X'(a’b)))(G(X’(a, b)) = Hd/(G(X'(“’b)))(G(X/(aa b)) = H'(G(X'(a,b)) =
Z HY( Arclength(graph(fm|(a b))) (30)

which is finite, since the arclength of c¢; functions on a finite interval is finite.

Since d; = dimg(G(X’(a,b)) = 1 and HImu(GX (@) (G(X(a,b)) is finite, there then exists a sequence
of finite sets {G;(X'(a,b))};en, where inf;_, G;(X'(a,b)) = inf;_,oc G;(X'(a,b)) = G(X'(a,b)) and 0 <
H(Gj(X'(a,b))) < 400 for all j € N.

Thus, since (V4)(H® (G;(X'(a,b))) € (0,+00)) and H (GX (@) (G (X' (a,b))) # 0, using:

1/e HYCEX@N)(G(X (a,b))) =0, >0

he, X' (a,b)) = { 1 (Y)(H™(G5(X/(a,b))) € (0, +00)), H (CX(D)(G(X (1)) # 0

we have h(e, X'(a,b)) =

Part 4. Cq(dy, 4, X'(a,b))

Suppose, d; = 0 and #| - | is the counting measure.
In addition, X’(a,b) = (a,b) and G(X'(a,b)) is the graph of f|y,(, 4, = flap-

Thus, note that:

Pr(d, G(X'(a,b))) = {G C G(X'(a,b)) : H"(G) = k}
Gi(d1, X'(a,b)) € P(d1,G(X'(a,b)))

and Go(dy, X'(a,b)) is the set of all limit points of G(X’(a,b))\ Go(d1, X' (a,b)). Since dimyg(G(X'(a,bd))) =
there exists G, where H!(G) = 0. However, in this case, it is unnecessary to remove any Go(dy, X'(a, b)) fr
G(X'(a,b)), since the graph of f is nowhere dense in ]R2 and removing any Go(dy, X'(a, b)) from G(X'(a b))
will not affect the maximum number of times an arbitrary vertical line intersects the closure of G(X'(a,b)).
Therefore, Go(dy, X'(a,b)) intersects any vertical line with an z-intercept in R.

Moreover, £(X'(a,b)) C R? is an arbitrary, vertical line whose z-intercept is an element of X’(a,b) and
since X'(a,b) is non-empty, ¢(X'(a,b)) can exist.
Hence, whenever:

1/e  #|X|=0,e>0

C(X) =14 #|X| 0<#|X|<+x (31)
€ #|X| =400, >0
since
Co(dr,4, X (a,b)) = inf C(Gy(dy, X (a,b)) N (X (a,b
@b X @)= e C(Galds X (@06) N a0 1)
inf C(G(X'(a,b) Nl(X'(a,b
Go(d1,X’(a,b))EPo(d1,X’(a,b)) ( ( ( )) ( ( )))
w.r.t. the counting measure #| - | and Equation the number of times a vertical line intersects with
the closure of ¢y functions continuous on positive measure subsets of X'(a,b) = (a,b) is ¢ = m (i.e.,

m > 0) and ¢ = n (i.e,, n < ¢1) times. Hence, 0 < m < ¢ = #|G(X'(a,b)) N €(X'(a,b))] < n < ¢y and
m < c=C(G(X'(a,b)) N€(X'(a,b))) <nsom<c<n.

Part 5. lim._,o M = lim._,o(z -7 - h-Cp)

In Case [0 of Section [3.3.6] Part [1} 2| [3] and [@ where:
o 2(e,X'(a,b)) =1/e
o T(e,X’(a,b)) =
o h(e X'(a,b) = 1
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e Co(dy,4,X'(a,b)) =c, where m<c<n

lim Mz, dy, ¢, X' (a, b)) = (32)
lim (=(, X'(a,)) - (2, X'(a,0)) - h(e, X'(a,0)) - Codr, 6, X'(a,b))) = lim (1/e e 1-¢) =¢ (33

Part 6. Applying The Measure of Discontinuity to f
Since, for every B = B, C X'(a,b), c € {0} UNU {+o0}:

611_% M(e,d1, ¢, B;) =¢
Thus, when ¢ =c € {m,--- ,n} and B, = BN X, .(a,b), such that:

n

U Xj.c(a,b) = X;(a,b)

c=m
where:

limsup X (a,b) = liminf X,(a,b) = X'(a,b)
j—oo j—00
and:
0 < HUIm (X (X (0, b)) < +00

then

HAimi(X) (9B (a,b)) = sup (HdimH<X’> ({B NX;(a,b) : B C X'(a,b), lim M(e, di, £, B) = c})) (34)

is the largest possible value. In addition, when ¢ < m or ¢ > n, then HI™u#(X)(B) = H1()) = 0 is the largest
possible value. Hence:

M(a,b,dy,t) = (35)
max{0, min{c — 1,¢}} - sup(’HdimH(X,) ({B NX;(a,b): BC X'(a,b), 1in%) M(e,d1,¢,B) = c}))
E—r

min{1/¢, Hdimu(X") (X ;(a, b))}

cENU{0}U{+o0}

cg:omax{o,min{c 1,8 sup(?—[l ({B NX;(a,b): B C X'(a,b), lim M(e, d1, ¢, B) = ‘}))
min{1/t, H1(X;(a,b))}

:Zm max{0, min{c — 1,£}} - sup(?—[l ({B NX;(ab): B C X'(a,b) : lim M(e,d1, (, B) = ‘}))

min{1/t, H!(X,(a,b))}

max{0, min{c — 1,¢}}- sup<H1 ({B NX,(a,b): BC X'(a,b) : lim M(e,d1,¢,B) = ¢ }))

+

+

co€{n,n+1,-- }U{+oo}

min{1/t, H'(X;(a,b))}
S (0, minfe 1,11} H1 (0) | 35, max{0,mine — Lt} ! (Bsc(a)
max{1/t, H*(X;(a, b))} max{1/t, H'(X;(a, b))}
Y e (i1, Ju{+ooy Max{0,min{c —1,¢}} - H' ()
max{1/t, H1(X;(a, b))} -
> gmax{0, min{c — 1,¢}} -0  max{0, min{c — 1,¢}} - H1(B; (a,b)) n Zce{n7n+1,.” YU{4o0} max{0, min{c¢ — 1,¢}} -0 _
max{1/t, H1(X,(a, b))} max{1/t, H1 (X, (a, b))} max{1/t, H1 (X, (a, b))}

+

i max{0, ¢ — 1} - H(B; c(a, b))

@)

c:im“ — 1) #|%B; c(a,0)]
#X; (a. b))
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Thus, the measure of discontinuity Dy (f) is:

Do(f) = lim <1im (1imsup/\/((a,b,d1,t))>

a,b)—oo \ t—00 j—oo

= lim (lim (liminf/\/l(a,b,dl,t)))

(a,b)—o0 \t—00 \ j—r00
n n
> (e = 1) - #|Bjc(a,b)] 2 (e=1) - #|Bj.c(a,b)|
= lim lim | liminf &= = lim lim | limsup =2 (36)
(a,b)—oo | t=oo | j=o0 #|X(a,b)] (a,b)—oo | t=oo | j oo #|X(a,b)|

Also, because B .(a,b) € X;(a,b) and 0 <m < ¢ <n < ¢y,
0= lim ( lim (lim sup max{0, min{0 — 1, £}} - #[B,0(a, b)|)> <Do(f) (37)

(a,b)—=o0 \ t—00 j—o0 #‘X](a’b”

, s (1 = 1) - #[Bjec,(a,0)]
<1 lim (1 : —c—1
= (@)oo (tBT}o ( T T HX (0, b)) “
since B; o = Xj(a,b) and max{0, min{0 — 1,¢}} = 0. In addition, B;., = X;(a,b) and max{0, min{cy —
1,t}} =c1—1, when t > ¢4 — 1.
Moreover, in Section criteria [6a] note that Dy(f) = D(f) (Equation where the definition of D(f)
is defined with this following list:

(1) the variable ¢ is the number of the times the vertical line intersects the closurﬂ with respect to its
z-intercept
imsup; - =liminf; , X/ = i.e., the set theoretic limit*")) such that 0 < HIm 4
2) li 00 X = liminf; oo X = X' (i.e., the set theoretic limit?’) such that 0 < HHms(X) (X
< oo forall j € N
(3) the arbitrary set X, C X N X; has the largest Hausdorff measure in its dimension, such that the
vertical line for all 2 € X intersects the closure ¢ times (m < ¢ < n)
50 (= 1) MK, N Xe N (a,b))
P = pdm [ = x X/ 1 X1) N (a,b)}

(38)

52 (e — 1) HUX, N Xe N (a,))

= lim lim sup == 39
(a,b)—(—o00,00) j_mp ’Hl((XﬁX;.ﬁXﬂﬂ(a,b)) (39)

Hence, Do (f) = D(f), since:
e limsup;_,. X N (a,b) = liminf; o X} N (a,b) = X'(a,b) (ie., the set-theoretic limiﬂ) and
limsup;_, ., X;(a,b) = liminf; ,, X;(a,b) = X'(a,b)
e limsup, ,  Xj N XcN(a,b) = liminf; o X} N XN (a,b) = limsup; ., Bj.c(a,b) = liminf; o Bjc(a,b)
(i-e., see the definition of %B; .(a,b) on page [20[ and the definitions of the sets in the left hand side of
the equality on page 1] criteria
e limsup;_, (X N X’ N X1) N (a,b) = liminf; oo (X N X N Xy) N (a,b) = limsup;_,,, X;(a,b) =
liminf; o X;(a,b)
Thus, with the bulleted list, we proved D;(f) = D(f) and verified the blockquote at the top of Case 4,
which states that the measure of discontinuity Dg(f) is between integers 0 and c;.

3.3.7. Case 7. Suppose f: X — Y is a function, where X = Q, Y =R, X; = Q, d; = dimy(X;) =0, and
dimyg(X) = 0. Hence, X' = X N X; =Q.

We define a family of sets 2" = {X. : 7 € {1,---,c1}} where the sets in the family 2" are pairwise disjoint,
UsL, X, = X and for all 7 € {1,---,m}, H*(X,) = 400 such that the closurﬂ of the graph of f, : X, — R is
continuous on a positive measure subset X C X 1@

26 topological closure

27 See Section page

28topological closure
29 See Section , page where HAME(X1)(X) > 0, X = X, X1 =X, and f(z) = fr(z)
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fl(l’) $€X1
f2 x T € Xo
flz) = ( ) .

fe, () e X,
Note, this function can exist [6].

In addition, Case [7]is an example of Section [2.2.2] criteria [6b] so the measure of discontinuity
Dy, (f) needs to be D(f) (Equation [1} page[3) where 0 < Dy, (f) < c1 — 1.
See Section [£.6] page[33] for an explicit example.
Since d; = 0 and X’ = X N X1, the computations in Case [7] are exactly the same as Case
Therefore, similar to Case |4}, we proved Dy(f) = D(f) and verified the blockquote at the top of Case
which states that the measure of discontinuity Dy (f) is between integers 0 and c;.

3.3.8. Case 8. Suppose f : X — Y is a function, where X = QN 0,1, Y =R, X; = Qn[0,1], dy =
dimy (X1) = 0, and dimg (X) = 0. Hence, X’ = X N X; = QN [0,1].
Therefore, f(p/q) = 1/q for all coprime integers p, ¢ € Z. Note that f is hyper—discontinuousm
In addition, Case[§]is an example of Section [2.2.2] criteria [5| so the measure of discontinuity
Dy, (f) needs to be positive infinity.
For parts we compute the components z(g, X'(a,b)), r(e, X'(a,b)), h(e, X'(a,b)), Co(d1, 4, X'(a,b))
and lim._,o M(e, d1, 4, X' (a,b)) (i.e., their motivation is in Section page [i]), then use these components to
compute the measure of discontinuity Dy, (f) (part [6).

Part 1. z(e, X'(a,b))
Suppose:
dy X/ _
e X ap) =45 d(a,b)) 0,e>0
1/e 0 <H®(X'(a,b)) < +00,2>0

since 0 < HO(X'(a,b)) < +oo (i.e., H'(Q N (a,b)) = +oo, when (a,b) C [0,1] and [0,1] C (a,b)), hence
2(e, X' (a,b)) = 1/e. For simplicity, we say (a,b) D [0, 1] such that (a,b) — [0, 1].

Part 2. r(e, X'(a,b))
Suppose:
R(X; (a,1)) = inf (R0 () © R € ¥, H5 (1 [R] 0 X, (0, b)) = H (X, (a.5))}
since X'(a,b) is countably infinite, there exists a sequence of discrete finite sets (i.e., {X;(a,b)}jen), where

liminf; o0 X;(a,b) = limsup;_, X;(a,b) = X’(a,b) (i.e., the set-theoretic limif’) and for all j € N,
0 < H°(X;(a,b)) < 400

R(X;(a,b)) = inf{HmuRaneeDN(R) - R C Y, HY (f 71 [R] N Xj(a, b)) = #]X;(a,b)|}

Hence, dimy(Range(f)) = 0, since Xj(a,b) and the range of f|X].(a7b) are discrete. In addition, d; = 0.
Thus, since 0 < #|X;(a,b)| < +oo, thereby #|R| > #|X,(a,b)| and #|X;(a,b)| < Hdimu (Range(f))( R) < 4-00;
however, there exists a lower bound greater than #|X;(a,b)| since Range(f) = {1/q : ¢ € N} and for all
q € N, there exist ¢(q) isolated points on y = 1/q such that ¢(-) is the Euler’s Totient Function.

To find the second lower bound, we note v is a natural number, R = {1,1/2,--- ,1/v}, and H% (f~1[{1,1/2,

J1/03]) = HO(F {1,172, 1/0}]) = 307, ¢(v) = 0% + O(vlogv) where O is the Big-O notation
and Y7, ¢(v) is the Totient summatory function. This i is required since f[X(a,b)] must cover the entire
range of f and the set-theoretic hmlﬂ of X;(a,b) is QN [0,1].

30 See Section 4 page 3
31 Gee Scctlon 4 page 3
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Moreover, H% (X (a, b)) = H°(X;(a,b)) = #|X;(a,b)|, R ={1,1/2,...,1/v}, and H(f ' [R]NX,(a,b)) =
H°(X(a,b)), hence HO(f {1, -+, v}] N X;(a,b)) = H(X;(a,b) = #X;(a,b)| < HO(fH{L,--,1/0}]).
Thus, since HO(f~'[{1,---,1/v}]) = Zv* + O(zlogz) and HO(f~'[{1,---,v}] N X;(a,b)) = (1/C) -
HO(f {1, -+ ,1/v}]) for some constant C' > 0, we have & -5v? < FHO(FH{1,---,1/v}]) = HO(X;(a,b)) =

w2
#]X;(a,b)] < &3 (v + 1)% Next, we solve v, by the following:
13
S0 < HOX (0 B) = #1X 0, D)
13
6?1}2 < #1X;(a,b)]

Cr?
v? < T#|Xj(aa b)|

v= { Cf#mj(a,b»J

Hence, the smallest Hdimu(Range(/))(R) can be is:

i =0 (fo. 1)) =o= [ Fwan].
Cn?

R(X;(a,b)) = { 3#|Xj(a7b)|J :

That means:

Therefore:

|R(X;(a,b)) — H" (X(a,b))| = H ?#Wa‘(a’b)lJ — #|X;(a,b)|

and when  — #|X;(a,b)| and x — oo (i.e., since lim;_, #|X;(a, b)| = c0)

/071'23:
3
Hence, for all j € N and lim;_,o |R(X;(a,b)) — H* (X, (a,b))| = +o00. Thus, using:
€ 0 < limsup |R(X;(a,b)) — H%(X;(a,b))| < +00, e >0
Jj—o0

lim = +00.
Tr—r 00

— T

r(e, X'(a,0)) = 1/e limsup }R(Xj(a,b)) —HN (Xj(avb))| = +00,e>0

Jj—o00

we have r(g, X'(a,b)) = 1/e.

Part 3. h(e, X'(a,b))

Suppose G(X'(a, b)) is the graph of f|x/(, -
Notice that G(X'(a,b)) is countably infinite since X'(a,b) is countably infinite, so dimy(G(X'(a,b))) =
d'(G(X'(0,1))) = 0. Hence, when #| - | is the counting measure:
HIOX I (G(X (0,1)) = HO(G(X(a,1))) = +00
Since f|x/(,p) is countably infinite, there exists a sequence of finite sets {G;(X'(a, b))} en, where
inf; 00 Gj(X'(a, b)) = inf; 00 G;(X'(a,b)) = G(X'(a,b)) and 0 < H°(G;(X’(a,b))) < +oc for all j € N
Thus, since (V4)(H* (G;(X'(a,b))) € (0, +00)) and H¥ (FX " @D)(G(X"(a,b))) # 0, using:
. 1/e HYCX @) (G(X'(a,b)) =0,e>0
h(e, X*(a,b)) = / NV N (/ (X (.0)) 4 (G(X'(a,b))) /
L (Vi) (H™(G(X (a,))) € (0,+00)), H (G(X'(a,0))) #0
we have h(e, X'(a,b)) =1
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Part 4. Co(d1, ¥, X'(a,b))

Suppose, d; = 0 and #| - | is the counting measure.
Moreover, X'(a,b) = QN (a,b) and G(X'(a,b)) is the graph of f[x/(, -

Thus, note:

Pr(di, G(X'(a,b))) = {G C G(X'(a,b)) : H"(G) = k}
Gr(d1, X'(a,b)) € Pr(dr, G(X'(a,b)))

where Gg(dy, X' (a,b)) is the set of all limit points of G(X'(a,b))\ Go(d1, X' (a,b)). Since dimyg(G(X'(a,b))) =
0, there exists no G such that #°(G) = 0. Therefore, Go(dy, X’(a, b)) is the empty set. Also, the range of f is
{1/q : q € N} where for all ¢ € N, there exists ¢(q) points{ﬂ on y = 1/q. Since the range of f is dense in {0},
lim, 00 ¢(q) = 400 and for all prime ¢, {(p/q,1/q) : p € N, 0 < p < ¢} is evenly distributeﬂ ony=1/q,
hence Go(dy, X'(a,b)) = {(2,0) : 2 € QN [0,1]} and any vertical line with an a-intercept in R intersects once
with Go(dl, X/(Cl, b))

Moreover, £(X'(a,b)) C R? is an arbitrary, vertical line whose z-intercept is an element of X’(a,b) and
since X'(a,b) is non-empty, £(X’(a,b)) can exist.
Hence, whenever:

1/e  #|X|=0,e >0

C(X)=1q #|X| 0<#|X]| <400 (40)
€ #|X| =400, >0
since
Co(dy,?, X'(a,b)) = inf C(Go(dy, X'(a,b)) N (X' (a,b))

Go(d1,X’(a,b))€Po(d1,X’(a,b))

inf C(G(X'(a,b) Nl(X'(a,b
Go(d1,X’(a,b))€Po(d1,X(a,b)) (G(X(a,)) (X'(a,5)))

w.r.t. the counting measure #| - | and Equation [0} #|G(X’(a,b)) N ¢(X'(a,b))| = 1 and C(G(X'(a,b)) N
(X (a,))) = 1.

Part 5. lim._,o M = lim._,o(z -7 - h - Cp)
In Case [§] of Section Part and [, where:

o 2(e,X'(a,b)) =1/¢
o r(g,X'(a,b)) =1/e
e h(e,X'(a,b)) =1

o Co(dl,&X/(a,b)) =1

lim M(e,di, £, X' (a,b)) = (41)
lim (=(e, X'(a,0)) - (e, X'(a,0)) - h(z, X'(a,b)) - Co(d1, £, X" (a,h))) = lim (1/e - 1/e - 1-¢) = +o0  (42)

Part 6. Applying The Measure of Discontinuity to f
Since, for every B C X'(a,b), ¢ = +00 (see Equation [41):

lim M(e,dq,¢,B) = 400 =¢

e—0
Hence, when ¢ = 400 and B = X(a,b), such that:

lim sup X (a, b) = liminf X;(a,b) = X'(a,b)
j—o0 J—0o0
and:
0 < HIm (XD (X (a, b)) < +oo

32 4(-) is Euler’s Totient function (see Section page l
33 The set of all z-values in Ty, ={(w/q,1/q) :p € N,0< p < q}orty={p/q:0<p< q} is Equidistributed on [e, 8] = [0, 1]

(see Section page
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then HU™1(X)(B) = HO(B) = #|X;(a,b)| is the largest possible value. Also, when 0 < ¢ < 400, H*(B) =
H°(0) = 0. Therefore:
M(a,b,dy,t) = (43)

max{0, min{c — 1,¢}} - sup(HdimH(X,) ({B NX,;(a,b): BC X’'(a,b), lim M(e,d1,¢,B) = c}))
ceNU{0}U{+o0} e—0

min{1/¢, Hdimp (X7) (X;(a,b))}

>~ max{c,min{c — 1,¢}} - sup(HO ({B NX;(a,b): BC X'(a,b), lin%) M(e,d1,¢,B) = c}))
=0 e—

min{1/t, H%(X;(a, b))} "

max{0, min{oo — 1,¢}} - sup (HO ({B NX,(a,b): BC X'(a,b): 515% M(e,d1,4, B) = —i—oo})

min{1/¢, HO(X;(a, b))}
>0, max{0,min{c — 1,¢}} - H® (§)  max{0, min{+oo,t}} - #|X,(a,d)|
max{1/t,HO(0)} max{1/t, #|X(a,b)|}

Yoy max{0,c —1} -0 = max{0,t} - #|X;(a,b)|

max{1/t, #X;(a,b)[} ~ max{1/t, #/X;(a,b)[}

0 t#XEyl
#1X;(a,0)|  #IX;(a,b)]
Hence, the measure of discontinuity Dy, is:

Do = lim (lim <1imsupM(a,b,d1,t)>> = lim (lim (hminffvl(a,b,dl,t))) = Jim (lim t) = +oo

(a,b)—o00 \ t—o00 j—ro0 (a,b)—o0 \t—o0 \ j—o0 a,b)—oo \t—o0

This verifies the blockquote at the top of Case|8) which states the measure of discontinuity Dg(f) should
be positive infinity.
3.3.9. Case 9. Suppose f: X — Y isafunction, X =Q, Y =R, X; =Q, d; = dimy(X;) = 0, dimp(X) = 0.
Hence, X' = X NX; =Q.

We define f such that its graph is dense in R?

Note, this function can exist [3].

Case[0]is not mentioned in Section[2:2.2} however, we want to see if the measure of discontinuity
Dy, (f) gives an intuitive answer.
For parts we compute the components z(¢, X'(a,b)), (e, X'(a,b)), h(e, X'(a,b)), Co(d1, £, X' (a,b))
and lim._,o M(e, d1,4, X' (a,b)) (i.e., their motivation is in Section page [i]), then use these components to
compute the measure of discontinuity Dy, (f) (part [6).

Part 1. z(e, X'(a,b))
Suppose:
di / _
26, X (a,b) =4 © H (X; (a,0)) =0,e>0
/e 0<HY(X'(a,b)) < +00,e>0
since 0 < H°(X'(a, b)) < +oo (i.e., H*(QN (a,b)) = +o0), hence z(e, X'(a,b)) = 1/¢.

Part 2. r(e, X'(a,b))
Suppose:
R(X,(a,b)) = inf{#dimnRange(D)(R) . R C ¥V, HD (fR] N X;(a,b)) = H (X;(a, b))}

since X'(a,b) is countably infinite, there exists a sequence of discrete finite sets (i.e., {X;(a,b)};jen), where
liminf; , X;(a,b) = limsup,, ., X;(a,b) = X'(a,b) (i.e., the set-theoretic limitlf[) and for all j € N,
0 < H°(X;(a,b)) < +o00

R(X;(a,b)) = inf{HmunBeneetD(R) . R C Y, H (f7HR] N X;(a,b) = #1X;(a,b)[}

34 See Section , page
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Hence, dimy (Range(f)) = 0, since Xj(a,b) and the range of f|x,(a,p) are discrete. In addition, d; = 0. Since
0 < #|X;(a,b)| < +oo, thereby #|R| > #|X,(a,b)| and #|X;(a,b)| < HIimuRange(/)(R) < +o0; however,
there exists a lower bound greater than #|X(a, b)| because Range(f) is dense in R and R = f[X(a,b)]. Hence,
since the graph of f is dense in R? and f[X(a,b)] is dense in R, the smallest HImu(Range(/)(R) = HO(R)
can be is +00. That means R(X,(a,b)) = +o0.

Therefore, |R(X;(a,b)) — 1" (X;(a,b))| = |(+00)—#|X;(a,b)|| = 0, for all j € N and lim;_, o, [R(X;;(a,b))—
HD(X(a,b))| = +oo. Hence, using:

e 0<limsup |R(X,(a,b)) — H"(X;(a,b))| < +o0, >0

X/ b _ J—0o0
r(e, X'(a, b)) 1/e limsup ‘R(Xj(chb)) — Hh (Xj<a7b))‘ = +00,e>0

j—o0

we have r(g, X'(a,b)) = 1/e.

Part 3. h(e, X'(a,b))

Suppose G(X'(a,b)) is the graph of f|y,(, -
Notice that G(X'(a,b)) is countably infinite, since X’(a,b) is countably infinite, so dimy(G(X'(a,b))) =
d'(G(X'(a,b))) = 0. Thus, when #| - | is the counting measure:

HE (G @) (G(X (a,b))) = HU(G(X(a,b))) = +00

Since f|x/ (4 is countably infinite, there exists a sequence of finite sets {G;(X'(a, b))} en, where
inf; 00 Gj(X'(a, b)) = inf; 00 G;(X'(a,b)) = G(X'(a,b)) and 0 < H°(G;(X'(a,b))) < +oc for all j € N
Thus, since (V4)(H* (G;(X'(a,b))) € (0,+00)) and H (GX (@) (G (X' (a,b))) # 0, using:

1/e HYCEX@N(G(X'(a,0)) =0, &> 0

h(e, X' (a, b)) = { L (%) (H™(G5(X (a,))) € (0,+00)), H¥ (EX@DD(G(X(a,0))) # 0

we have h(e, X'(a,b)) =1

Part 4. Co(dy, ¢, X'(a,b))

Suppose, d; = 0 and #| - | is the counting measure.
Moreover, X'(a,b) = QN (a,b) and G(X'(a,b)) is the graph of f|y,(, -
Thus, note:
Pi(d1,G(X'(a,b)) = {G C G(X'(a,b)) : H"(G) = k}
Gr(d1, X (a,b)) € Pr(d1,G(X'(a,b)))
where Gg(dy, X' (a, b)) is the set of all limit points of G(X'(a,b))\ Go(d1, X' (a,b)). Since dimyg(G(X'(a,b))) =
0, there exists no G such that H°(G) = 0. Therefore, Go(dy, X' (a,b)) is the empty set. Also, since
X'(a,b) = QN (a,b), Go(d1, X'(a,b)) = R? and intersects any vertical line with an z-intercept in R.
Moreover, ¢(X'(a,b)) C R? is an arbitrary, vertical line whose z-intercept is an element of X’(a,b) and
since X'(a,b) is non-empty, £(X’(a,b)) can exist.
Hence, whenever:
/e #|X|=0,e>0
C(X) =< #[X| 0<#|X|<+o00 (44)
€ #|X| = +00,e>0

since

Co(dy, 0, X' (a, b)) = C(Go(dy, X' (a,b)) N £(X"(a, b))

inf
Go(d1,X’(a,b))EPo(d1,X'(a,b))
inf C(G(X'(a,b)) N (X" (a,b
Go(dl,X/(%b)l)répo(dhx’(a»b)) (G(X(a,b)) (X'(a,)))
w.r.t. the counting measure #|| and Equation[d4] #|G(d1, X'(a,b))(X'(a,b))| = 400 and C(G(d1, X'(a,b))N
0(X'(a,0))) =«
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Part 5. lim._,o M = lim._,o(z -7 - h - Cp)

In Case [9] of Section Part and [4 where:
z(e, X'(a,b)) =1/e

o r(e,X'(a,b)) =1/e

o e, X'(a,b)) =1

e Co(dr,4,X'(a,b)) =¢
;i_r}(l)M(E,dl,& X'(a,b)) = (45)
gig%) (2(g, X'(a, b)) - r(e, X'(a, b)) - h(e, X'(a, b)) - Co(d1, ¢, X' (a,b))) = ;L% (1/e-1/e-1-e) =+oc0  (46)

Part 6. Applying The Measure of Discontinuity to f

Since, for every B C X’(a,b), ¢ = 400 (see Equation :
lim M(g,dq,¢,B) = 400 =¢
e—0

Hence, when ¢ = +00 and B = X(a, ), such that:
lim sup X (a, b) = liminf X;(a,b) = X'(a,b)
j—o0

j—o0
and:
0 < HUm (X (X (0, b)) < +o00
then H4™1(X)(B) = HO(B) = #|X,(a, b)| is the largest possible value. Also, when 0 < ¢ < 400, H°(B) =
H°(0) = 0. Hence:
M(a,b,dy, t) = (47)

max{0, min{c — 1,¢}} - sup('HdimH(X’) ({B NX;(a,b): BC X'(a,b), lim M(e,dy,¢,B) = c}))
ceNU{0}U{+o0} e—0

min{1/¢t, Hdimu (X7 (X;(a,b))}

ﬁo max{c, min{c — 1,¢}} - sup(?—[o ({B NX;(ab) : B C X'(a,b), lim M(e,d1, £, B) = c}))
- min{1/t, H0(X,;(a. b))}
max{0, min{co — 1,¢}} - sup (?—LU ({B NX;(a,b): BC X'(a,b): lim M(e,d1,¢, B) = +oo}))

min{1/t, HO(X,(a, b))}
> max{0,min{c — 1,¢}} - H° (0)  max{0, min{+oo,t}} - #|X;(a,b)| _
max{1/t, HO(0)} max{1/t, #|X(a,b)|}
> max{0,¢—1}-0  max{0,¢} - #|X;(a,b)| _
max{1/t,#|X;(a,b)|} = max{1/t,#|X;(a,b)[}
0 t-#1X;(a,b)|

+

#1Xj(a, )] #IX;(a,b)|
Thus, the measure of discontinuity Dy, is:

Do = lim <lim <limsup/\/l(a, b, dl,t))> = lim (lim (liminf/\/l(a7 b, dl,t)>) :( lim (lim t) =400

(a,b)—>o00 \ t—o0 j—o0 (a,b)—o00 \t—o0 j—o0 a,b)—oco \t—o0
The measure of discontinuity Do(f) is intuitive, since the dense subset D C graph(f) has H°(D) = +oo0.

3.3.10. Case 10. Suppose f: X — Y is a function, X =R, Y =R, X; =R, d; = 1, dimg(X) =1, f is the
Conway-Base 13 function [7].

In addition, Case is everywhere surjectivd>®, but is defined at f(x) = 0 for almost all
xz € R [@]. This case is an example of Section criteria so since f(z) = 0 for almost

all x € R, the measure of discontinuity Dy, (f) needs to be zero.

35 See Section , page
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For parts we compute the components z(e, X'(a, b)), r(e, X'(a,b)), h(e, X'(a,b)), Co(d1, ¥, X'(a,b))
and lim._,o M(e,d;, ¢, X'(a,b)) (i.e., their motivation is in Section page , then use these components to
compute the measure of discontinuity Dy, (f) (part [6).

Part 1. z(e, X'(a,b))

Suppose:
di(x/! b)) =
deX(ap)y=q° TTE@b)=0:>0
/e 0<H"(X'(a,b)) < 400,e>0

since 0 < H'(X'(a,b)) < +oo (i.e., 0 < HY (RN (a,b)) = b —a < +0o0), hence z(g, X'(a, b)) = 1/e.

Part 2. r(e, X'(a,b))
Suppose:
R(X;(a,b)) = inf{HomuEeneeD)(R) - R C YV, H (f7[R] N X;(a,b)) = H" (X;(a,))}
since X'(a,b) is countably infinite, there exists a sequence of discrete finite sets (i.e., {X;(a,b)};en where for

all j € N, Xj(a,b) = X'(a,b)), liminf; o X;(a,b) = limsup;_, ., X;(a,b) = X'(a,b) (i.e., the set-theoretic
1imi@ and for all j € N, 0 < H'(Xj(a,b)) < +o0

R(X;(a,b)) = inf{HuReneeUD(R) : R C Y, H (f7HR] N X;(a,0)) = H'(X;(a,0))}

Hence, 0 < dimg(Range(f)) = 1, since the range of the Conway Base-13 function is R. In addition, d; = 1.
Since 0 < H'(X;(a,b)) =b—a < +o0 and H'(f~[R] N X;(a,b)) = H*(X,(a,b)), when Ry D X;(a,bd) is an
arbitrary set, we want f[R1] = {0} since f(z) =0 for “almost all” z € R and H!'(R;) = H'*(R). Thus, the
smallest Hdimn(Range(£))(R) = H(R) can be is H({0}) = 0 which means R(X;(a,b)) = 0.

Therefore, |R(X(a,b)) — H™ (Xj(a,b))’ =10—(b—a)| =b—a, forall j € Nand 0 < lim;_,~ |R(X,(a,b))—
H(X;(a,b))] =b—a < +oo. Hence, using:

€ 0 < limsup |R(X;(a,b)) — H"(X;(a,b))| < +00,e>0

r(e, X'(a,0)) = 1/e limquPTE(Xj(avb)) —H®h (Xj(a’b)>| = +00,e>0

j—o0

we have r(e, X'(a,b)) = 1/e.

Part 3. h(e, X'(a,b))

Suppose G(X'(a,b)) is the graph of f|y,(, -
Notice that G(X’(a, b)) is dense in [a, b] xR and f(z) = 0 for almost all z € R. Hence, since dimy (G(X'(a,b))) =
d'(G(X'(a,b))) =1 and "almost all” of G(X’(a,b)) is a horizontal line segment with arc length b — a:

fHd’(G(X/(a,b)))(G<X’(a,b))) = ’Hl(G(X’(a, b)) =b-a

In addition, suppose D; C (a,b) is an arbitrary set such that for all x € Dy, f(z) = 0 and Dy =
G(X'(a,b)) \ {(z,0) : * € Dy}. Since H'(D1) = b — a and H'(Ds) = 0 are finite, there exists a
sequence of sets {G;(X'(a,b))};jen, where inf; .o, G;(X'(a,b)) = inf; o G;(X'(a, b)) = G(X'(a,b)) and
0 < H'(Gj(X'(a,b))) < oo for all j €N

Therefore, since (V4)(H® (G;(X'(a,b))) € (0,+00)) and H (GX (@) (G(X'(a,b))) # 0, using:

1/e HYCEX @N(G(X'(a,0)) =0, >0

h(e, X' (a,b)) = { L (YR (G(X(a,1))) € (0, 400)), KT (CX@(G(X(a,0))) # 0

we have h(e, X'(a,b)) =1

36 See Section page
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Part 4. Co(d1, ¥, X'(a,b))

Suppose, d; = 0 and #| - | is the counting measure.
Moreover, X'(a,b) = (a,b) and G(X'(a,b)) is the graph of f[x,(, -
Thus, note:
Pr(di, G(X'(a,b))) = {G C G(X'(a,b)) : H"(G) = k}

Gr(d1, X' (a,b)) € Pr(d1,G(X'(a,b)))

where Go(dy, X'(a,b)) is the set of all limit points of G(X'(a, b))\ Go(d1, X'(a,b)). Since dimy(G(X'(a,b))) =
1, there exists G such that H!(G) = 0: when D; C (a,b) is an arbitrary set where for all z € Dy,
f(z) =0 and Dy = G(X'(a,b)) \ {(x,0) : € D1}, then note H!'(Ds) = 0. Therefore, Go(d1, X' (a,b)) is
arbitrary. However, since Dy is a dense subset of G(X'(a,b)) and G(X'(a,b)) \ D2 = {(2,0) : z € D1}, so
Go(dy, X'(a,b)) = {(x,0) : x € D1} and intersects any vertical line once with an z-intercept in R.

Moreover, £(X'(a,b)) C R? is an arbitrary, vertical line whose z-intercept is an element of X’(a,b) and
since X'(a,b) is non-empty, £(X’(a,b)) can exist.
Hence, whenever:

1/e  #|X|=0,e>0

C(X) =1 #|X| 0<#|X]|<+o00 (48)
€ #|X| =400, >0
since
Co(dl,f, X'(a,b)) = inf C(Go(dl,X/(a,b)) ﬂE(X’(a,b))

Go(d1,X’(a,b))€Po(d1,X’(a,b))
in C(G(X'(a,b) Ne(X'(a,b
Go(d1,X’(a,b))€Po(d1,X"(a,b)) (G(X(a,0)) N€(X(a,)))

w.r.t. the counting measure #|- | and Equation 48 #|G(d1, X’(a,b))N¢(X'(a,b))| = 1 and C(G(dy, X'(a,b))N
((X"(a,b))) =1

Part 5. lim._,o0 M = lim._,o(z -7 - h-Cp)

In Case [10] of Section Part and [} where:
z(g, X' (a,b)) = 1/5
r(e, X’(a b)) =
h(e, X'(a, b)) =
Co(dl,e X'(a

a, ))
lim M(e,dy, £, X'(a, b)) = (49)
hm ( (57X/(a7 b)) ~r(€,X’(a,b)) : h(e,X’(a, b)) ) CO(dlaéa X/(a> b))) = gl_I}(l) (1/5 ce-1- 5) = +00 (50)

e—0

Part 6. Applying The Measure of Discontinuity to f

For every B C X'(a,b), ¢ =1 (see Equation [49):
lim M(e,dy,¢,B) =lim (1/e-e-1-1)=1=c¢ (51)
e—0 e—0

Thus, when ¢ = 0 and ¢ > 1, B is the empty set. Hence, when ¢ =1, B = X'(a, b).

Now, suppose liminf;_, . X;(a,b) = limsup,_, ., X;(a,b) = X'(a,b) (i.e., the set theoretic limitEI) where
for all j € N, 0 < H'(X;(a,b)) < +oc0. Thus, for all j € N, X;(a,b) = X'(a,b) since 0 < H'(X'(a,b)) =

b—a < 4o0.
Hence:

Mj(a,b,di,t) = (52)

37See Section , page
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max{0, min{c — 1,¢}} - sup (’HdimH(X/) ({B NX;(a,b): BC X'(a,b), lim M(e,d1,4, B) = c}))
ceNU{0}U{+00} e—0

min{1/t, Hdimn (XN (Xj(a,b))}

max{0, min{0 — 1,¢}} - sup(?—[l ({B NX;(a,b): B C0, eling(e,dl,e, B) = 0}))
min{1/t, H!(X'(a, b))}

max{0, min{1 — 1,t}} - sup(Hl ({B NX,(a,b): BCH, lim M(e,d1,¢,B) = 1}))
min{1/t, H!(X'(a, b))}

max{0, min{c — 1,¢}} - sup(?—[1 ({B NX,;(a,b): BCO, lin})M(z—:,dl,E, B) = c}))

+

+

c€{2,3,--- Ju{+oo}

min{1/t, H1(X'(a, b))}
max{0, min{_1,1}} - 71 (@) . max{0, min{0,¢}} - #' (B N X (a, b)) N Dce(2,3, Ju{oo) Max{0, min{c — 1,¢}} - ' (0)

max{1/t, H' (B N X;(a,b))} max{1/t,H' (BN X;(a,b))} max{1/t, H' (BN X;(a,b))}
max{0,—1}-0 max{0,0} - H(B N X'(a, b)) 256{273,...}U{w} max{0,¢—1}-0 _

max{1/t,H} (BN X'(a,b))}  max{1/t, H1 (BN X’'(a,b))} max{1/t, H1(B N X’(a,b))}

~1-0 0-b—a > ce(2,3, Ju{oo} 070 o

b—a b—a b—a

Hence, the measure of discontinuity Dy, is:

Do = lim <1im (nmsupMj(a,b,dl,t))): lim (lim(liminf/\/lj(a,@dl,t))): lim (0) =0

(a,b)—o0 \t—o0 j—oo (a,b)—o0 \t—o0 Jj—o0 (a,b)—o0

This verifies the blockquote at the top of Case which states the measure of discontinuity Dg(f) should
be zero.

3.3.11. Case 11. Suppose f : X — Y is a function, X = R, Y = R, X; = R, d; = dimpg(X;) = 1,
dimpy (X) = 0. Hence, X' = X N X; =R.

We define f such that the graph of f is everywhere surjective@ with zero Hausdorff measure in its
dimension.

Note, this function can exist [5].

In addition, Case [I1]is an example of Section [2:2.2] criteria [§] so the measure of discontinuity
Dy, (f) needs to be positive infinity.
See Section page [33] for an explicit example.

For parts we compute the components z(g, X'(a, b)), r(e, X'(a,b)), h(e, X'(a,b)), Co(d1, ¥, X'(a,b))
and lim._,o M(e, d1, 4, X' (a,b)) (i.e., their motivation is in Section page [i]), then use these components to
compute the measure of discontinuity Dy, (f) (part [6).

Part 1. z(e, X'(a,b))
Suppose:

e X)) =4 HUX(@D)=0e>0
’ T /e 0 < HE (X (a,b)) < +00, £ >0

)
since 0 < H'(X'(a,b)) < +oo (i.e., H1(QN (a,b)) = +00), hence z(e, X'(a, b)) = 1/¢.

Part 2. r(e, X'(a,b))
Suppose:
R(X;(a,b)) = inf{#tmn@Baneel)(R) . R C YV, H (f7[R] N X;(a,b)) = H" (X;(a, b))}

383ee , page
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since X'(a,b) is countably infinite, there exists a sequence of discrete finite sets (i.e., {X,(a,b)};en where for
all j € N, Xj(a,b) = X'(a,b)), liminf; o X;(a,b) = limsup;_, ., X;(a,b) = X'(a,b) (i.e., the set-theoretic
1imi@ and for all j € N, 0 < H'(Xj(a,b)) < +o0
R(X;(a, b)) = inf{HEma et () R C Y, 1 (F7H[R] N0 X (a,0)) = #]X;(a, 0)[}

Hence, dimy (Range(f)) > 1, since f is everywhere surjective such that its graph has zero Hausdorff measure in
its dimension. In addition, d; = 1. Since 0 < H!(X;(a,b)) < 400 and H(f~1[R] N X;(a,b)) = H'(X,(a,b)),
then when Ry O X;(a,b) = (a,b) is an arbitrary set, f[R1] = R for any Ry C X;(a,b) since f is everywhere
surjective and its graph has zero Hausdorff measure in its dimension. Thus, the smallest Fdimu(Range(f ))(R) =
H'(R) can be is +oc0. That means R(Xj(a,b)) = +oc.

Therefore, |R(X;(a,b)) — H" (X;(a,b))| = |(+00) — (b—a)| =0, for all j € N and lim;_, [R(X;(a,b)) —
H (X[ (a,b))| = +oo. Thus, using:

€ 0 < limsup |R(X;(a,b)) — H"(X;(a,b))| < +00,e>0

ORI = 1 s [ROE 0,) — 5 (X @ B)] = +00, £ > 0

j—o0

we have r(e, X'(a,b)) = 1/e.

Part 3. h(e, X'(a,b))

Suppose G(X'(a,b)) is the graph of f|x/(, -
Notice that dimp(G(X’(a,b))) > 1, f is everywhere surjective and the graph of f has zero Hausdorff measure
in its dimension. Hence:
HIOX I (G(X (a,0)) = HTEXED(G(X (a,0)) =0
Therefore, using:

1/e HYCEX@(G(X'(a,0)) =0, &> 0

hle, X'(ab) = { 1 (V) (G (X (@, ) € (0, +00)), HY CX @) (G(X (a,B)) # 0

we have h(e, X'(a,b)) =1/¢

Part 4. Co(dy, ¢, X'(a,b))

Suppose, d; = 0 and #| - | is the counting measure.
Moreover, X'(a,b) = (a,b) and G(X'(a,b)) is the graph of f[y,, -

Thus, note:

Pr(d1, G(X'(a,1))) = {G C G(X'(a,b)) : H"'(G) =k}
Gr(dy, X' (a,b)) € Pr(d1,G(X'(a,b)))

where Go(dy, X'(a,b)) is the set of all limit points of G(X’(a, b))\ Go(d1, X' (a,b)). Since dimyx(G(X'(a,b))) =
1, there exists G such that H'(G) = 0. However, because dimy(G(X'(a,b))) = d'(G(X'(a,b))) > 1
therefore H'(G(X'(a,b))) = +oco. Hence, Go(dy, X'(a,b)) is the empty set. Also, since X'(a,b) = (a,b),
Go(dy, X'(a,b)) = [a,b] x R and intersects any vertical line with an z-intercept in R.

Moreover, ¢(X'(a,b)) C R? is an arbitrary, vertical line whose z-intercept is an element of X’(a,b) and
since X'(a,b) is non-empty, £(X’(a,b)) can exist.
Hence, whenever:

1/e  #]|X|=0,e>0

C(X) =1 #|X| 0<#|X]|<+o00 (53)
€ #|X| =400, >0
since
Co(dy, ¥, X'(a,b)) = inf C(Go(dl,X'(a,b)) ﬂé(X’(a,b))

Go(d1,X’(a,b))€Po(d1,X(a,b))

39 See Section page
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inf C(G(X'(a,b)) N (X' (a,b
Go(d1,X’(a7b)l)€Po(d17X’(a,b)) ( ( ( )) ( ( )))

w.r.t. the counting measure #|-| and Equation[53] #|G(d1, X'(a,b))N¢(X'(a,b))| = +oo and C(G(dy, X' (a,b))N
UX'(a,b))) =€

Part 5. lim.,o M = lim._,o(z -7 - h-Cp)

In Case [I1] of Section Part and [} where:

° z(s,X’(a, b)) =1/e

o r(c,X'(a,b)) =1/e

* (e, X'(a,b)) = 1/E

e Co(dy, ¥, X( a,b

lim Mz, di, £, X'(a,0)) = (54)
lim (2(2, X'(a,0)) - (e, X (a,5)) - h(e, X'(a,5)) - Co(dr, £, X'(a,5))) = lim (1/z -2 1-¢) = +00 (55)

Part 6. Applying The Measure of Discontinuity to f

Since, for every B C X’(a,b), ¢ = 400 (see Equation :
lim M(e,dy,¢,B) = 400 =¢
e—0

Hence, when ¢ = 400 and B = X;(a,b), such that:
lim sup X (a,b) = hmme j(a,b) = X'(a,b)

j—o0
and:
0 < HImu(XD) (X (a,b)) < +oo
HAimu(X)(B) = H1(B) = b — a is the largest possible value. In addition, when 0 < ¢ < +o0, H!(B) =
'Hl(@) = 0. Therefore, since X;(a,b) = X'(a,b), for all j € N:
(a,b,dy,t) = (56)

max{0, min{c — 1,¢}} - sup<HdimH(X’> ({B NX;(a,b): BC X'(a,b), lim M(e, d1,4,B) = c}))
cENU{O}U{+oo} e—0 B
min{1/t, Hdimu (X") (X (a,b))}

max{c, min{c — 1,¢}} - Sup(?—[l ({B NX;(a,b): B C X'(a,b), lim M(e, d1, ¢, B) = c}))
min{1/t, H' (X, (a, b))}
max{0, min{oo — 1,¢}} - sup (7-[1 ({B NX,(a,b): BC X'(a,b) : lim M(e,d1,¢, B) = +oo})

min{1/t, H*(X;(a,b))}
L2y max{0,minfe — 1,1}} - H! (@) | max{0, min{+oo,t}} - M (X;(a, b)) + Xj(a, )| _

i{ngl:

+

max{1/t, H' (X’ (a,b)} max{1/t, H' (X' (a, b))}
Y ymax{0,c—1}-0  max{0,t} - b—a _
max{1/t,b —a} max{1/t,b—a}
0 n t-b—a _
b—a b—a

Thus, the measure of discontinuity Dy, is:

D1 = lim <£_1}n;o <1imsup/\/l(a, b, dl,t))> = lim (tli}go (hm inf M(a, b, dl,t)>) = lim (tl_lglo t) =400

(a,b) o0 j—o0 (a,b)—o0 Jj—oo (a,b)— o0

This verifies the blockquote at the top of Case which states the measure of discontinuity D1 (f) should
be positive infinity.
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4. APPENDIX

4.1. Definition of Continuity. Suppose X C R and Y C R are arbitrary sets. The continuity of f: X - Y
at xg € X means that for every e > 0, there exists a 6 > 0 such that for all z € X \ {x¢}

|z —zg] <& 1implies |f(z) — f(zo)] <e
Hence, f is continuous on arbitrary set X; C R, where:
(1) dimg(+) is the Hausdorff dimension
(2) HEmuC)(4) is the Hausdorff measure in its dimensions on the Borel o-algebra

whenever:
Cpm(f, X1) = HImuX) (X, \ X) =0 (57)

4.2. “Splitting” the Closure of the Graph of f: X — Y into ¢ Functions Continuous on the Set
X. Let X CR and Y C R be arbitrary sets. Suppose C; = cl(graph(f)) is the topological closure of the
graph of function f : X — Y. Hence, for all i € {1,2,--- ,¢}, {(z, fi(z)) : € dom(f;)} C C, such that
Cm(fi, X) =0.

4.2.1. Ezample. Consider the Dirichlet Function f: R — R,

f(w)={(1) o

Note, C; = {(z,0), (x,1) : € R}. Thus, i € {1,2}, {(z,i—1) : z € R} C C, such that Cp(f;, X) =0 (in
Section for all i € {1,2}, dom(f;) =R, X =R, and f; : R — R is continuous such that Ca(f;, X) =
HAm (T (X \ dom(fi)) = H (R \ B) = H'(§) = 0).

4.3. Hyper-discontinuous function. Suppose X C R and Y CR.
Definition: A function f:X — Y is hyper-discontinuous if for every x € X, 3§ >0, € > 0 such that

yEX\{JJ}, |y—x\<(5, = |f($>_f(y)|25

4.3.1. Ezplicit Example of a Hyper-Discontinuous Functions. Consider the function f: QnN0,1] — R, where
f(p/q) = 1/q for all coprime integers p,q € Z

4.4. Everywhere Surjective Function. Let (X, T) be a standard topology. A function f : X — Y is
everywhere surjective from X to Y, if f[X] =Y for every X € T. (See [2], for more info).

4.4.1. Ezplicit Example of a Everywhere Surjective Function. Consider an everywhere surjective f : R — R
whose graph has zero Hausdorff measure in its dimension.

Since (R, T) is the standard topology, hence f[(a,b)] = R for every non-empty open interval (a,b). See
this citation [5] for an explicit example.

4.5. Set Theoretic Limit. Suppose (X;);en is a sequence of sets. The set-theoretic limit of a sequence of
sets (X;) en is X, whenever:

lijniingj = ﬂ U Xy

j=lq2j
liminf X; = ] () X,
Jj21lq2j
where:
limsup X; = liminf X; = X (58)
— 00

j—oo J

4.6. Explicit Example of Cases [4 and [6} Suppose, X =R, Y =R, X; = Q (Case[d), X; =R (Case|6),
dimy (X) = 1, and the closure of the graph of f can be split into ¢y functions continuous™|on X;. (Notice,
dy < dimg(X)).

40 Gection , page , where X = X3
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4.6.1. Explicit Example. Counsider the following [6]:

e Partition R into sets A and B, such that A and B have a positive %! measure in every non-empty

open interval (a,b) and lim._,oo H1(A N (—c,¢))/(2¢) # lime—y0o H (B N (—¢,¢))/(2¢).
For simplicity, partition the unit interval [0,1), then repeat that partition so € A when
x—|z] € A
Let A1 =[0,2/3). Let By = (2/3,1].
If U, A, = A, then for each interval in A,, remove the middle 1/2""1 of the interval and
send it to B,,. Similarly, for each interval in B,, remove the middle 1/2" of the interval
and send it to A,. Each set less than what is removed plus what is transferred determines
An+1, Bn+1- Thereby, Uzozl Bn = B

N1 = Un1€Z[4%7 %]

Np = Unzez[4n237+17 %TJFZ]

N3 — LJnB62[477,;;,3-‘,-27 471%4—4]

N; € Ny

N1 ﬂ N3 = @

NQ N N3 == @

Q1 ={my/n1 : my € odd N,n; € even N}

e Q2 = {may/ns : ma,ny € odd N}

e Q3 ={ms/n3 : ms € even N,n3 € odd N}

¢ Q1NQ2NQ3=10

The following is an explicit example of f : R — R matching Case [f] and Case [6}

x re (A\Q) NN,
x sin(x) z € (B\Q)NN;

f(x) =< z+sin(z) € Q1 UN;3 (59)
x +sin(x) + cos(x) x € Q2

x +sin(x)cos(zr +1) x € Qs

4.7. Explicit Example of Case[5|and [7} Suppose f: X — Y is a function, where X = Q, Y =R, X; =R
(Case[f), X1 = Q (Case[7), and dimpy(X) = 1.

4.7.1. Ezplicit Example. Consider the following:

1= Up, ol 2452)

4dno+1 4no+2
no EZ[ 3 ’ 3 ]

4dns+2 4nsz+4
ns3 EZ[ 3 ’ 3 ]

N
Ny =U
N;=U

[ ]
[

e o 0 o
Z
D
&
\
=

N2 N N3 = @
Q1 ={my/n1 : my € odd N,n; € even N}
e Q2 = {ma/ns : ma,ny € odd N}
e Q3 ={ms/n3 : ms € even N,n3 € odd N}
e Q1NQ2NQ3=10
The following is an explicit example of f : Q — R matching Case p| and Case
x T € QNN
f(z) = ¢ =+ sin(z) x € Q2N (Ny U N3) (60)
T+ Sin(l‘) + COS(23§‘) T €Q3U ((Q1 n N3) U (QQ N N1))

4.8. Proof The Example of Sets In The Family 2" = {X,:r € {1,--- ,c;}} On Case [5, page are
Pairwise Disjoint. Suppose, we define the family of sets 2" = {X, :r € {1,--- ,c1}}

{xr = {51/ (2 Vt)) 1 51,1, € Z) r=1

1
Xe={s;/ (2t27¢,) 1 5,8, €0ddZ} \ {X1} 2<r<ey (61
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(i) If r = 1, then X; = {sl/ (2(°1’1)t1) 1 81,t1 € Z} is the only set defined in the family 2, so the
family 2 of sets is pairwise disjoint.
(ii) Suppose, the family of sets 2, = {X,:re{l,---,c1}}, for all r € {1,---,c1}, are pairwise
disjoint.

Hence, suppose r = ¢1 + 1, where Z¢, 11 = Zey U {Xc,+1}- Note,
Xoy 41 = {scl/ (2((°1+1)‘°1)tcl)  Seysto, € oddz} \ X}

_ {scl/ (2(°1+1_°1)tcl) : Seysto, € oddz} \ {X1}
_ {Scl/ (2((°1’°1)+1)tcl)  Soysto, € oddZ} \ {X,

- {scl/ (2 (2<Cl—°1>) tcl) : Sepste, € oddZ} \ X1}
= {(5¢,/2)/ (te) : 5e,,te, € 0ddZ} \ {X1}

Since, sc, /2 for all odd integers s, is disjoint from all odd integers s,» = (2s,+)/2 such

that 7’ < ¢y, hence Z¢, +1 is pairwise disjoint.

62

63

65

(62)
(63)
(64)
(65)
(66)

4.9. Euler’s Totient Function. The totient function counts the number of positive integers up to a given
integer n which are coprime to n. This function be used to count the number of fractions with a denominator
less than n with a comprime numerator and denominator.

4.10. Equidistribution. A sequence of sets (t;)qez is equidistributed in [a, 5], when for all sub-intervals

[, 5] € [a, B,

N[, BB
2% TNl - B-a

4.11. Conway Base-13 Function. Consider this definition of the Conway Base-13 function [7]:

(1)

(2)

Expand x € (0,1) in base 13, using digits {0,1,-- ,d,m,p} where d = 10. Note, for any
rational number which is a fully simplified fraction a/b such that b is a power of 13, there
exists two such expansions: a terminating expansion, and a non-terminating one ending
in repeated p digits. In such a case, use the terminating expansion.

Let S C (0,1) be the set of reals that is an expansion involving finitely many p, m and d
digits, such that the final d digit occurs after the final p and m digit. (We may require
that there be at least one digit 0 — 9 between the final p and m digit, but this does not
seem necessary.) Then, every x € S has a base 13 expansion of the form

0.x129...2y [porm ]| ajas...ax [d] biby...

for some digit z; € {0,...,p} and where the digits a; and b; are limited to {0,...,9} for
all j. The square brackets above are intended for emphasis; and in particular, the n + 15¢
base-13 digits of x is the final occurance of either p or m in the expansion of z.

For x € S, we define f(z) by transliterating the string format above. We ignore the digits
x7 through x,,, transliterate the p or m as a plus-sign and minus-sign, and d as a decimal
point. This yeilds a decimal expansion for a real number, either

“+aias ... ak.blbg e
or
—a1as ... ak.blbg NN

according to whether the n 4 1% base-13 digit of x is a p or an m respectively. For z € S,
we set f(x) to this number; for x € S, we set f(z) =0



36 BHARATH KRISHNAN

Note: this function is not computable, as there is no way to determine (in advance) whether the base-13
expansion of z € (0,1) has only finitely many occurrences of the digits p, m, or d. Even if one is provided
with a number which is promised to have only finitely many, in general one cannot know when they found
the last one. Regardless, if one is provided with a number x € (0,1) for which they know the location of the
final p, m, and d digits, they can compute f(x) very straightforwardly.
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