
2) Consider the function 𝜑 ∶  ℝ × (−1, 1) ↦ ℝଷ  given by 

𝜑(𝑢, 𝑣) = ൭ቆ1 + 𝑣 𝑠𝑖𝑛 ቀ
𝑢

2
ቁቇ 𝑐𝑜𝑠 𝑢  , ቆ1 + 𝑣 𝑠𝑖𝑛 ቀ

𝑢

2
ቁቇ 𝑠𝑖𝑛 𝑢 , 𝑣 𝑐𝑜𝑠 ቀ

𝑢

2
ቁ൱ ∈ ℝଷ 

for 𝑢 ∈ ℝ , 𝑣 ∈  (−1, 1). The Mobius Strip M is the image of this function, i.e: 

𝑀 = 𝐼𝑚 𝜑 

a) Show that M is a 𝐶ஶ two-dimensional submanifold. (Suggestion: restrict 𝜑 
to obtain parametrizations) 
 

b) Calculate, in (𝑢, 𝑣), the vector product 

𝑍 =
𝜕𝜑

𝜕𝑢
 ×

𝜕𝜑

𝜕𝑣
 

where 
𝜕ఝ

𝜕𝑢
≔ 𝐷𝜑(1,0) and 

𝜕ఝ

𝜕𝑣
≔ 𝐷𝜑(0,1). 

 
c) A vector field onto a submanifold 𝑁 ⊂ ℝ௡ is an application 𝑋 ∶ 𝑁 → ℝ௡. 

Said field is tangent (to N) if 𝑋(𝑝) ∈ 𝑇௣𝑁 for every 𝑝 ∈ 𝑁 , and normal (to 
N) if 𝑋(𝑝) ∈ (𝑇௣𝑁)⊥  for every 𝑝 ∈ 𝑁. Show that there is no normal, 

continuous non-zero-in-every-point field 𝑋 ∶ 𝑀 → ℝଷ onto the Mobius Strip.  
(Suggestion: note that if there was such an X, we should have that 
𝑋 ∘ 𝜑(𝑢, 𝑣) = 𝑓(𝑢, 𝑣)𝑍(𝑢, 𝑣) where f is continuous and never zeroes. 
Evaluate that in points (𝑢, 0) to reach a contradiction.) 


